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Abstract 

We study assignment mechanisms and propose a new way to trade off efficiency and 
strategyproofness. On the conceptual level, we make three key contributions. First, we 
propose a new paradigm we call partial strategyproofness, which is strategyproofness on a 

\I constrained subset of the utility space. Second, we introduce hybrid mechanisms, which are 

convex combinations of existing mechanisms. Third, we introduce imperfect dominance, a 
new concept to compare mechanisms by their efficiency properties. We show that hybrid 
mechanisms can imperfectly dominate their less efficient component. In contrast to approx- 

i— — ) imately strategyproof mechanisms, our hybrids are also still "fully" strategyproof for agents 

whose utilities are bounded away from indifference, i.e., they are partially strategyproof. We 
present an algorithm which, for two admissible component mechanisms and a set of utility 
functions, computes the maximal mixing factor, such that the resulting hybrid is partially 

^ strategyproof. We instantiate our approach by mixing Random Serial Dictatorship (RSD) 

and Probabilistic Serial (PS). The resulting hybrids imperfectly dominate RSD and are 
partially strategyproof. Finally, we present numerical results showing that the maximal 
mixing factor can be surprisingly high. 

00 

in 

*n 1. Introduction 

(N 

In this paper, we study the assignment problem, also known as the one-sided matching problem. 
The first version of this problem was introduced by Hylland and Zeckhauser (1979), and has 
y— ( since attracted much attention of mechanism designers (e.g., Abdulkadiroglu and Sonmez 

(1998); Bogomolnaia and Moulin (2001); Abdulkadiroglu and Sonmez (20036); Featherstone 
(2011)). The problem is to allocate a set of indivisible goods to a set of agents such that 
each agent receives one good. Agents have heterogeneous preferences over the goods, and 
these preferences are private information of the agents. Monetary transfers are not permitted, 
which makes this problem different from auctions and other settings with transferable utility. 
In practice, such problems often arise in situations that are of great importance to peoples' 
lives. For example, students must be matched to schools, teachers to training programs, 
university students to courses, etc. (Niederle, Roth and Sonmez, 2008). 
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As mechanism designers, we care specifically about efficiency, strategyproofness, and fair- 
ness. We want mechanisms that are efficient, i.e., that perform well with respect to some 
measure of social welfare. We want mechanisms that are strategyproof, i.e., where agents 
are best off reporting their true preferences to the mechanism. And we want mechanisms 
that satisfy some notion of fairness, such that conflicting agents' interests are appropriately 
balanced. Zhou (1990) has shown that it is impossible to achieve the optimum on all three 
dimensions simultaneously, which makes the assignment problem an interesting mechanism 
design challenge. Obviously, trade-offs are necessary. 

1.1. Trading off Efficiency for Strategyproofness 

The best-known assignment mechanism is Random Serial Dictatorship (RSD) which first 
selects a random order of the agents, and then in this order, lets each agent select its most 
preferred good that is still available. RSD is strategyproof and also ex-post efficient, i.e, 
after all agents have been allocated their goods, no group of agents wants to exchange goods 
with each other. While this is certainly a desirable efficiency guarantee, it is also the weakest 
form of efficiency. For example, ordinal efficiency and rank efficiency are strict refinements 
of ex-post efficiency. However, the RSD mechanism does not guarantee either of these higher 
efficiency criteria, and it is well known that among deterministic mechanisms, the only ones 
that are strategyproof, neutral, nonbossy, and ex-post efficient are dictatorships (Hatfield, 
2009). Allowing for non-deterministic mechanisms, it is a widely-held conjecture that RSD 
is the unique anonymous, ex-post efficient, and strategyproof mechanism. Thus, for a while, 
many researchers thought this is the end of the story, i.e., that we cannot do better than 
ex-post efficiency. But as Budish (2012) points out, these results do not mean that we should 
settle for ex-post efficiency because interesting trade-offs may be possible and worthwhile. In 
this paper, we show how to design mechanisms that have better efficiency properties than 
RSD, but are still strategyproof for agents whose utilities are bounded in a certain way. 

In the hierarchy of efficiency concepts, ordinal efficiency is the the first refinement of ex-post 
efficiency: it requires that we cannot find a set of agents who can trade probability shares such 
that the resulting allocation ordinally dominates the original allocation for those agents. Bo- 
gomolnaia and Moulin (2001) introduced the Probabilistic Serial {PS) mechanism and showed 
that it is ordinally efficient. However, they also showed that PS is not strategyproof in general, 
and that there exists no mechanism that is ordinally efficient, anonymous, and strategyproof 
in all settings. Kojima and Manea (2010) showed that for large assignment problems with a 
fixed number of goods, PS is strategyproof if the number of copies of each good is sufficiently 
large. In contrast, in this paper we design mechanisms that also provide strategyproofness in 
small settings, but only for agents with slightly constrained utility functions. 

In recent years, there has been a lot of work explicitly tackling the trade-off between efficiency 
and strategyproofness in mechanism design. However, the vast majority of it has aimed for 
approximate notions of strategyproofness (e.g., Budish (2011); Carroll (2012)). Typically, 
approximate strategyproofness means relaxing "full" strategyproofness, and instead bounding 
the incentives for deviation from a truthful report for any agent. In contrast, our mechanisms 
remain "fully" strategyproof on the constrained subset of utilities. 
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1.2. Partial Strategyproofness, Hybrid Mechanisms, and Imperfect Dominance 

The main contribution of this paper is a new paradigm we call partial strategyproofness, which 
describes mechanisms that are strategyproof, but only for a constrained set of the utility 
space. The main constraint we place on agents' utilities is a bound on how close to indifferent 
agents can be. Intuitively, those agents at the "boundary," i.e., who are indifferent or almost 
indifferent between two goods, are the first to manipulate a mechanism, should it not be 
strategyproof. Thus, explicitly excluding these agents helps us to design mechanisms that are 
strategyproof for the remaining agents with less "extreme" utilities. Additionally, we bound the 
maximum relative utility difference between an agent's least and most preferred goods, thereby 
limiting how much an agent can benefit from any manipulation. Formally, for a setting with m 
goods, we introduce the set URB(r, B, m) to denote the space of uniformly relatively bounded 
utility functions: r denotes the relative bound between utilities for any two goods that are 
consecutive in an agent's preference ordering, and B denotes the relative bound between an 
agent's least and most preferred good. Note that we operate with and carefully reason about 
agents' cardinal utilities. However, throughout this paper we will only consider mechanisms 
that elicit agents' ordinal preferences, i.e., rankings over goods. 

This relaxation to partial strategyproofness enlarges the mechanism design space and en- 
ables new trade-offs between efficiency and (partial) strategyproofness. In particular, it allows 
us to analyze the incentive properties of hybrid mechanisms, which are convex combinations of 
existing mechanisms. Given a strategyproof mechanism / with low efficiency, and a manipula- 
ble mechanism g with higher efficiency, the goal is to design a hybrid hp(f,g) with intermediate 
efficiency. The parameter (3 describes the mixing factor between / and g. Of course, these new 
hybrids will generally not be strategyproof. However, we show how to design hybrids that are 
partially strategyproof, i.e., strategyproof on a specific set URB{r, B,m). 

To analyze the efficiency of hybrid mechanisms, we introduce a new concept we call imperfect 
dominance, which is a natural extension of the canonical notions of ordinal and rank dominance 
to mechanisms. Formally, we write h >iod f to say that a mechanism h imperfectly ordinally 
dominates a mechanism /. Intuitively, this means that whenever the outcomes of h and / are 
comparable with respect to ordinal dominance, then the outcome of h ordinally dominates the 
outcome of /. Imperfect dominance is a useful concept to compare the efficiency properties of 
mechanisms, because it allows us to make meaningful comparisons between two mechanism, 
even if not all of the allocations they produce are comparable. This relaxation is essential for 
the analysis of hybrids, since dominance of the allocations cannot always be guaranteed. 

1.3. Overview of Contributions 

The most tangible result of this paper is a hybrid mechanism that mixes RSD and PS, is 
strategyproof on URB(r, B, m), and imperfectly ordinally dominates RSD. But before we get 
to this result, we go through a number of interesting intermediate steps. 

We first introduce two new concepts: partial strategyproofness of mechanisms and uniform 
relatively bounded utility functions (Def. 1 & 5). We also introduce imperfect dominance, a 
new notion of comparing mechanisms by their efficiency and argue why it is a useful extension 
of dominance from allocations to mechanisms (Prop. 6 & 7, Def. 10). We now present an 
overview of our main technical results. See Figure 1 for how they are connected. 
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Auxiliary Results Main Results Consequences 



Prop. 1 & 8: For 

mechanisms /, g, the 
hybrid mechanism 
h p(J>9) is well- 
defined. If g imper- 
fectly dominates /, 
hp(f,g) imperfectly 
dominates f . 






Thm. 2: PS is weakly less varying on 
swaps than RSD. 




-► 


Cor. 3: Given a setting and bounds 
(r, B), there exists B > 0, such that 
hp (RSD, PS) is SP on URB(r, B, m) 
Bn6h Pmax (RSD,PS) strictly 
imperfectly dominates RSD. 






Thm. 1 & Cor. 1: For a setting, 
mechanisms /, g, bounds (r, B), 
g « swap f, and SP /, there exists 
B > 0, such that hp(f, g) is SP on 
URB(r,B,m). 




-► 
-+ 






-► 


Prop. 9 & 10: For SP /, manipulable g, 
g « swap f, g imperfectly dominates 
/, <B <B' < 1: 

1. hp,(f,g) is intensely and strongly 
more manipulable than hp(f,g) 

2. hp,(f,g) imperfectly dominates 

hpif.g). 










-► 


Prop. 2: SP on 

URB(r,B,m) is cha- 
racterized by finitely 
many constraints. 


-+ 


Prop. 3 & Cor. 2: There exists a 
maximal value for B in Cor. 1. 
Algorithm 1 computes B max and is 
complete and correct. 





Figure 1: Overview of formal results and proof structure (SP stands for strategyproofness) . 



1. We show that for any two mechanisms / and g, the hybrid mechanism hp(f, g) is a well- 
defined mechanism (Prop. 1) and can imperfectly dominate the less efficient component 
(Prop. 8). We introduce the new concept g « SW ap f ', which requires that if g changes the 
allocation due to some change of report (through a swap), then so does /. In Thm. 1 &: 
Cor. 1, we show that if a pair of mechanisms satisfies this property, we can use them to 
construct non-trivial hybrids that are strategyproof on URB(r, B,m). 

2. Our second set of contributions relates to the computability of the maximal mixing 
factor (3. In Prop. 2, we show that strategyproofness on UBR(r, B, m) can be verified 
by checking a finite number of constraints. In Prop. 3 &: Cor. 2, we show that given a 
setting (i.e., agents, goods, and capacities), mechanisms /, g, and bounds (r,B), there 
exists a maximal value /3 max for /3. Then we present Algorithm 1 which computes this 
fimax, and we show that the algorithm is complete and correct. 

3. In Props. 9 &: 10, we show that our parametrization of hybrid mechanisms leads to 
a natural hierarchy of efficiency and manipulability: increasing (3 leads to a strictly 
imperfectly dominant hybrid mechanism which is also strictly more manipulable. 

4. Finally, we instantiate our general results using the mechanisms RSD and PS. In 
Thm. 2, we show that PS « SW ap RSD. In Cor. 3, we use this to show that RSD and 
PS can be mixed such that the hybrid hp(RSD,PS) is strategyproof on URB(r, B,m) 
and strictly imperfectly ordinally dominates RSD. Finally, we present numerical results 
illustrating the range of (3 max for different sets of bounds when mixing RSD and PS, 
and we find that /3 m ax is surprisingly large. 
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2. Related Work 



While the seminal paper on assignment mechanisms by Hylland and Zeckhauser (1979) pro- 
posed a mechanism that elicits agents' cardinal utilities, this approach has proven problematic 
because it is difficult if not impossible to elicit cardinal utilities in settings without money. For 
this reason, recent work on matching has focused on ordinal mechanisms, where agents submit 
ordinal preference reports, i.e., rankings over all goods (see Abdulkadiroglu, Pathak and Roth 
(2005); Calsamiglia and Miralles (2012)) for examples, or Carroll (20116) for a systematic 
argument). Throughout this paper, we only consider ordinal mechanisms. However, similar 
to the analysis technique used in Carroll (2012), in all of our proofs we will carefully reason 
about agents' cardinal utilities that are consistent with their ordinal preferences. This style of 
analysis is necessary because our results hinge on utility functions to be bounded away from 
indifference, which in turn requires modeling cardinal utility functions. 

In recent years, many results have further characterized the space of strategyproof assign- 
ment mechanisms. For example, Hatfield (2009) shows that the only deterministic, strate- 
gyproof, ex-post efficient, nonbossy, and neutral mechanisms are serial dictatorships. For non- 
deterministic mechanisms, Abdulkadiroglu and Sdnmez (1998) showed that RSD is equivalent 
to the Core from Random Endowments mechanism for house allocation, if agents' initial houses 
are drawn uniformly at random. However, it is still an open conjecture whether RSD is the 
unique mechanism that is anonymous, ex-post efficient, and strategyproof. 

The research community has also further characterized the space of ordinally efficient mech- 
anisms. The original PS mechanism introduced by Bogomolnaia and Moulin (2001) was only 
defined for strict preferences. Katta and Sethuraman (2006) introduced an extension of the 
PS mechanism that allows agents to be indifferent between goods, and Heo and Yilmaz (2011) 
further characterized their solution. Recently, Hashimoto et al. (2013) have shown that the 
unique mechanism that is ordinally fair (and non-wasteful) is PS with uniform eating speeds. 
Bogomolnaia and Moulin (2001) had already shown that PS is not strategyproof, but Kesten 
and Ekici (2012) recently found that the Nash equilibria of the corresponding revelation game 
may result in ordinally inefficient outcomes. While the incentive properties of PS may be bad 
for small games, they get better for larger games. As mentioned in the introduction, Kojima 
and Manea (2010) have shown that for a fixed number of goods, PS is strategyproof if the 
number of copies of each good is sufficiently large. 

It turns out that good incentives in large games are not a property reserved for PS. Re- 
cently, Azevedo and Budish (2012) proposed a new desideratum for mechanism design called 
Strategyproof in the Large (SP-L), which formalizes the intuition that as the number of agents 
in the market gets large, the incentives for individual agents to misreport their preferences 
should vanish in the limit. Azevedo and Budish (2012) show that this property is satisfied for 
many well-known mechanisms, including PS. However, it once again sheds light on the fact 
that incentive guarantees are hard to control in small settings, which is where our approach 
can shine. 

While ex-post efficiency and ordinal efficiency are the two most well-studied efficiency con- 
cepts for assignment mechanisms, many mechanisms are used in practice that satisfy neither 
efficiency concept. Featherstone (2011) observed that many mechanisms in practice aim to 
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maximize rank efficiency which is a further refinement of ordinal efficiency. However, no rank 
efficient mechanisms can be strategyproof in general. Other popular mechanisms, like the 
Boston Mechanism (see Ergin and Sonmez (2006)), are highly manipulable but are neverthe- 
less in frequent use. Budish and Cantillon (2012) show practical evidence from combinatorial 
course allocation, suggesting that using a non-strategyproof mechanism may lead to higher 
social welfare than using an ex-post efficient mechanism such as RSD. This illustrates that 
ex-post efficiency is a relatively weak criterion, at least for some settings. 

Given that strategyproofness is such a strong restriction in the assignment problem, many 
researchers have tried to relax it, using various notions of approximate strategyproofness. For 
example, Carroll (2011a) takes this approach and quantifies the incentives to manipulate for 
voting rules. Budish (2011) takes a similar approach in the domain of combinatorial assignment 
problems. Finally, Diitting et al. (2012) use a machine learning approach to design mechanisms 
with "good" incentive properties. Instead of requiring strategyproofness, they minimize the 
agents' ex-post regret, i.e., the utility increase an agent could gain from manipulating. In 
contrast to all of these existing approaches, in our work we do not directly trade off efficiency 
for strategyproofness, because we are not losing strategyproofness for all agents. Instead, we 
reduce the space of utility functions for which strategyproofness is required, thus making a 
different kind of trade-off. We are not aware of any existing work on assignment mechanisms 
aiming at such a quantitative (rather than structural) restriction. 

Given that mechanism designers often face the necessity to make trade-offs between effi- 
ciency and strategyproofness, it is natural that we desire a way to quantify or compare the 
manipulability of different mechanisms. Lubin and Parkes (2012) provide a survey of different 
ways in which a mechanism designer can relax strategyproofness and potentially quantify the 
degree of manipulability. Recently, Pathak and Sonmez (2013) introduced a general framework 
for comparing mechanisms by their vulnerability to manipulations. We apply their hierarchy of 
manipulability concept to our framework and show that a hybrid mechanism hp(f,g) becomes 
what they call "intensely and strongly more manipulable" as the mixing factor /3 increases. 
This result establishes a nice connection between their most demanding comparison and our 
mechanism design approach. 

3. The Model 

Suppose that m different goods must be allocated to n agents, and there exist qj copies of each 
good j. A setting (N, M, q) consists of the set of agents N, the set of goods M, and the vector 
of capacities q = (gi, . . . , q m ) 1 . Note that the setting does not specify the agents' preferences, 
merely their names. An outside option can be modeled by including an additional dummy 
good o, which is available in unlimited supply (or q a 5= n). Thus, w.l.o.g., we can assume that 
there are enough goods for all agents, i.e., YjjeM 1j ^ n - 



x To indicate a vector, we sometimes use bold notation, such as in q. 
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3.1. Allocations 



An allocation X is an n x m-matrix of values between and 1 that satisfies 

1. YijeM x i,j = 1 f° r au * E N, an( ^ 
2 - SieW ^ 2? for a11 J E M - 

The elements Xjj are interpreted as the probability that agent i receives good j. 1. means that 
every agent has probability 1 for receiving some good. 2. ensures that no good is allocated 
beyond its capacity. An allocation is deterministic if all entries of the matrix are either or 
1, otherwise it is probabilistic or non-deterministic. Let X be the set of all allocations, and let 
T> cz X be the set of all deterministic allocations. 

Every allocation can be represented as a convex combination of deterministic allocations. 
This is a result from Budish et al. (2013), which extends the famous Birkhoff-Von Neumann 
Theorem (see von Neumann (1953)) to settings with multiple copies of each good. The convex 
combination can be interpreted as a lottery, where each deterministic allocation is selected 
with probability equal to its coefficient in the convex combination. In such a lottery agent i 
receives good j with probability x^j. 

3.2. Ordinal Preferences and Cardinal Utilities 

For an agent i, the relation >j denotes its (ordinal) preference order over goods: a >, b if for 
two goods a and b the agent prefers good a over good b. Agent i weakly prefers good a over 
good b if either a b or a = b, which we denote by a >i b. Thus, throughout this paper we 
explicitly exclude indifference between two goods (see Section 4.2 for details). Note that we 
often use > instead of when we are not referring to a specific agent i. The collection of all 
agents' preferences >= (>i, . . . , > n ) is called the preference profile. 

A preference order over goods induces a weak preference order over deterministic allocations 
for each agent: suppose agent i receives good a under X and good b under Y, i.e., Xi >a = 1 
and yifi = 1, then X Y if a >i b. If agent i likes the good it receives under X at least as 
much as the good it receives under Y, then we write X >, Y. 

From a single agent's perspective, non-deterministic allocations are not always comparable 
in this way. Fortunately, von Neumann and Morgenstern (1944) have shown that assuming 
a set of mild axioms, agents behave as if maximizing expected utility with respect to some 
cardinal utility function, called Von Neuman-Morgenstern (VNM) utility. We assume that all 
agents have VNM utility functions (or just utilities), such that the utility u is consistent with 
the agent's preference order >, i.e., u(a) > u(b) if a > b. 

We adopt the geometric interpretation of utilities and types from Carroll (2012): a utility u 
is interpreted as an m-dimensional vector of positive real values. The space of all such vectors 

2 The lottery representation (i.e., which deterministic allocations are combined to obtain a non-deterministic 
allocation) is not unique, and the choice of lottery can have welfare and incentive implications, as discussed 
in Example 2 in Abdulkadiroglu and Sonmez (2003 a). In this paper, we do not consider the lottery imple- 
mentation, but only compare allocations with respect to the agents' ordinal preferences and their expected 
utility. These measures are invariant to the choice of lottery. 
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is U = (R + ) m , called utility space. For a given preference order >, a type 

t = t > = {u £ U : u consistent with >} 

is the set of all utilities consistent with >. We say an agent i is of (or has, or is in) type ti, if 
its utility U{ lies within type tj. The type space T is the set of all types, and for all n agents 
the collection of types t = (ti, . . . , t n ) is the type profile. 

We use the same notion of similarity on types as used by Carroll (2012): the neighborhood 
Nt of some type t e T is the set of all types for which the preference orders of agents in t and 
agents in t' e Nt differ by just a swap of two adjacent goods in the rankings. Formally, for 
type t and t' e Nt there exist goods x, y such that agents in t have preference order 

>: ai > . . . > a rria > x > y > bi > . 

and agents in tl have preference order 

> : a\ > ...> a nia > y > x > b\ > 

3.3. Assignment Mechanisms 

An assignment mechanism is a mapping / that determines an allocation of the goods based 
on agents' type reports. Formally, it is a mapping / : T n — > X from the space of type profiles 
to the space of allocations. / is deterministic if / : T n — > V, i.e., the resulting allocation only 
assigns discrete (non- fractional) goods. 

Because types are private information of the agents, when asked to report their type, they 
may lie about it. When we need to explicitly distinguish between agent i's true and reported 
type, we write t{ for the true type, and t\ for the misreport. By t-i = (ti, . . . , ti—i,ti+i, . . . , t n ) 
we denote the collection of types of all agents excluding i. 

We let f(U,t-i)i denote the allocation for agent i given reports (ti,t-i), i.e., the ith row of 
the allocation matrix. For a good j, let /(tj,f_j)y denote the respective entry of this row. 
Making use of the geometric set-up, the expected utility for agent i can be expressed as the 
dot product of the vectors Uj and (f(ti,t-i)) i , i.e., 

( E f(ti,t-i)[ u ])i = <«t> /(*»>*-<)»> = Yi Ui -i ' 

jeM 

where Ui e t% denote the utility and type of agent i. 
We now define properties a mechanism / can have. 

Definition 1 (Partial Strategyproofness). For a fixed setting (JV, M, q), an agent i of type ti 
and with utility u 6 ti, f is u-strategyproof in the setting (N, M, q) if in this setting it is a 
dominant strategy for i to report truthfully, i.e., for any t\ e T, and t-i e T n_1 we have 

( u j(ti,t-i)i- /(4*_i)i>>o. (i) 

This means that i maximizes its expected utility by reporting truthfully. 

For a set A of utility functions, f is strategyproof on A in the setting (TV, M, q) if it is 
u- strategy proof in the setting (N,M,q) for all u e A. If the set A and the setting are clear 
from the context, we say that f is partially strategyproof. 



... >' bm.. 
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Definition 2 (Strategyproofness). / is strategyproof (SP) if for any set of utility functions 
in any setting f is partially strategyproof 

Definition 3 (Fairness: Non-bossiness, Anonymity, Equal Treatment of Equals). / is non- 
bossy if no agent can change the overall outcome without changing its own allocation, i.e., for 
all agents i of type U, types t' { e T, and t-i e T n , 



f is anonymous if the order of the agents does not matter, i.e., for all agents i and any 
permutation tt : N —> N of the agents, we have 



Anonymity implies that all agents of the same type must receive the same (non- deterministic) 
allocation. This is also called equal treatment of equals. 

In proofs, we sometimes abbreviate f(t,t-i)i as f(t) if the collection of other agents' pref- 
erences t-i and the particular agent i are clear from the context. 

3.4. Efficiency Concepts 

We now define different efficiency concepts for allocations. A mechanism / satisfies a particular 
efficiency concept if it produces allocations that satisfy the respective efficiency concepts with 
respect to the reported preferences. 

Ex-post Efficiency. A deterministic allocation D e D is ex-post efficient if no group of agents 
could exchange their assigned goods such that all agents weakly prefer their new assignment 
and at least one agent strictly prefers the new assignment. Formally, there exists no D' e T> 
such that for all agents i we have D' D, and D' D for at least one agent %' . A non- 
deterministic allocation is ex-post efficient if it has a lottery representation consisting only of 
ex-post efficient deterministic allocations. 

Ordinal Efficiency. To define ordinal efficiency we first need to introduce the notion of 
stochastic dominance. Let X and Y be allocations. For agent i, Xi first order- stochastically 
dominates Yi at >, if for all goods j 



This means that for any good j, agent i's probability of receiving a good that it likes at least 
as much as j is no smaller under X than under Y. 

X ordinally dominates Y (at >) if for all agents i, Xi first order-stochastically dominates 
Yi at >i, and we write X >od Y. If there exists at least one agent i and one good j for 
which inequality (2) is strict, then we say that X strictly ordinally dominates Y (at >) and 
write X >od Y. Finally, an allocation X is ordinally efficient (at >) if it is not strictly 
ordinally dominated by any other allocation (at >). Intuitively, this means that probability 



f(U,t-i) * f(t'i,t-i) f(U,t-i)i ^ f(ti,t-i)i. 
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shares cannot be reassigned amongst the agents such that all agents weakly prefer the new 
allocation and at least one agent is strictly better off in the sense of first order-stochastic 
dominance. Note that on deterministic allocations, ex-post efficiency and ordinal efficiency 
coincide. Example 1 (borrowed from Section 2 in Bogomolnaia and Moulin (2001)) shows that 
for non-deterministic allocations, ordinal efficiency is a true refinement of ex-post efficiency. 

Example 1. Suppose N = {1,2,3, 4}, M = {a,b,c,d},qj = 1 for all goods j. Agents' prefer- 
ences are 

>i, >2 : a > b > c> d, 
>3, >4 : b > a > d > c. 

Consider the allocations 

5/12 1/12 \ 
5/12 1/12 
1/12 5/12 ' 
1/12 5/12 / 

We see that each agent strictly prefers allocation X, e.g., agent 1 traded all its shares ofb for 
shares of a and all shares of d for shares of c with either agent 3 or 4. Also note that both 
allocations are ex-post efficient, but only X is ordinally efficient. 

Rank Efficiency. The rank of a good j for some agent i is the number of goods that i weakly 
prefers to j, denoted by rankj(j). An allocation X rank dominates another allocation Y if for 
all ranks I = 1, . . . , m we have 

S H x ^ > S 2 Vhi ( 3 ) 

ieN jeM:ra,nki(j)^l ieN jeM:ra,nki(j)^l 

We write X >rd Y. If inequality (3) is strict for some I, we write X >rd Y for strict rank 
dominance. X is rank efficient if there exists no allocation Y such that Y >rd X. The 
intuition is that no agents could trade probability shares in such a way that the overall rank 
distribution is strictly improved, i.e., the expected number of agents who get a higher ranking 
choice increases for some rank, while it does not decrease for other ranks. This fairly new 
efficiency concept is discussed extensively in Featherstone (2011). 

4. Hybrid Mechanisms 

We now introduce hybrid mechanisms, a new concept put forward in this paper. Hybrid 
mechanisms are convex combinations of other mechanisms, called components. The idea is 
that one component (with better incentive properties) introduces a punishment for misreports, 
while the other (more efficient) component increases overall efficiency. 



/ 1/2 

1/2 

1/2 

V 1/2 



1/2 \ 

1/2 

1/2 

1/2 / 



/ 5/12 1/12 

5/12 1/12 

1/12 5/12 

\ 1/12 5/12 
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4.1. Construction of Hybrid Assignment Mechanisms 



For two mechanisms / and g and some mixing factor (3 e [0, 1] we define the /3 -hybrid mech- 
anism as the convex combination hp = hp(f,g) = (1 — f3)f + (3g, where the allocation hp{t) 
is the convex combination of the allocation matrices /(t) and g(t). To guarantee that hp 
is indeed a well-defined mechanism, we must ensure that hp(t) is an allocation. This is the 
following Proposition. The proof is in Appendix A.l. 

Proposition 1. The convex combination of allocations is an allocation. 

If / is strategyproof, then hp is obviously strategyproof for (3 = 0. However, for (3 > 0, and 
without any restrictions on g, it is possible that hp is manipulable. Going forward we primarily 
analyze for which utility functions the hybrid mechanism hp is partially strategyproof. 

Some properties of hybrid mechanisms are straightforward. First, if h is strategyproof for two 
utilities of the same type, it is also strategyproof for any convex combination of these utilities: 
for any u^u^ e ti,U t •, (u i7 h(ti,t-i)i - h(t ■, t-i)i) ^ and <u-, h(ti,t-i)i - t-i)i) ^ 0. 
Then for a convex combination u" = (1 — a)u{ + au\ we get 



Second, if the components / and g are u-strategyproof, then so is hp. This follows from a 
similar argument. We have just seen that hybrid mechanisms are indeed well-defined. But 
what about incentives? If both components are strategyproof, then one could simply use the 
more efficient of the two components. Unfortunately, this does not help us to achieve more 
attractive hybrid mechanisms. Bogomolnaia and Moulin (2001) have shown that no mechanism 
can be ordinally efficient, strategyproof, and satisfy equal treatment of equals. Furthermore, 
rank efficiency and strategyproofness are incompatible. To see this, consider Example 5 in 
Appendix F, borrowed from Theorem 3 in Featherstone (2011). Thus, we must find a suitable 
trade-off between strategyproofness and efficiency. 

4.2. Uniformly Relatively Bounded Utility (URB) 

We will now relax strategyproofness to partial strategyproofness to achieve efficiency improve- 
ments. It will later turn out that this allows us to improve the efficiency of mechanisms in the 
sense of imperfect dominance (see Definition 10 in Section 6.1.3). In contrast to prior work on 
approximate strategyproofness, we will not bound the incentives to misreport for all possible 
agents. Instead our goal is to design hybrid mechanisms that are partially strategyproof, i.e., 
strategyproof for a quantitatively constrained subset of the utility space in a given setting. 

To constrain the space of utility functions we impose relative bounds on the agents' utility 
functions. We require that an agent's utility for a good is at least some factor r > 1 higher 
than its value for the next less preferred good in its ranking. Additionally, we require that the 
agent's value for its most preferred good is at most B times the value of its least preferred good. 
Before we define this formally, we first define what it means for two goods to be adjacent. 



(u", h(ti,t-i)i - h(i/ if t-i)i) 



(1 - a) (ui, h(U,t-i)i - httf^t-iji) 
+a (u'i, h(U, t-i)i - h{t[, t-i)i) 



> 0. 



(4) 
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Definition 4 (Adjacency). A good y is called a successor of good x in > if 

1. x > y, and 

2. for all goods j $ {x, y} we have j > x <=> j > y. 

If y is the successor of x, then x is called predecessor of y. We say that x and y are adjacent 
in the ranking > if one is a successor of the other. 

We now define uniform relative boundedness from below and from above separately, and we 
then combine the two definitions. 

Definition 5 (Uniform Relative Boundedness). Let u be a utility in type t with preference 
order >, and let B ^ r m - 1 ^ r > \ 

• u satisfies uniformly relatively bounded indifference with respect to r (denoted URBI(r)j 
if 

1. for all goods j e M with successor j' we have u{j) > ru{j'), and 

2. for the least preferred good j" under > we have u(j") = 1. 

• u is uniformly relatively upper bounded by B (denoted URUB(i?) ) if 

max u(j) ^ .Bminu(j). 

jeM jeM 

• u is uniformly relatively bounded with respect to bounds (r,B) (denoted URB(r, B)) if 
u satisfies URBI(r) and URUB(S) . 

For ease of notation we will use URBI(r, m), 
URUB(B,m), and URB(r, B,m) to denote the sets of 
all utilities over m goods and satisfy the respective uni- 
form relative boundedness property. Figure 2 illustrates 
the URB-concept: the black line represents one example 
utility function from URB(1.2, 4.0, 4); the red lines are 
upper and lower bounds, each depending on the utility 
value at the next lower choice. 

Note that we require the agents to have utility 1 
for their least preferred good. This is of technical 
importance, but not a real restriction: we analyze 
mechanisms' incentive properties for utilities satisfying 
URBI(r), URUB( J B), URB(r,5). Thus, we evaluate ex- Figure 2: A sample utility function 
pressions of the form (ui, f(ti,t-i)i — f{U,t-i)i) 5= 0. from URB(1.2, 4.0, 4). 

Nothing important changes in this inequality if we mul- 
tiply u by some non- negative scalar a or add or subtract a multiple of the vector 1 = (1,...,1). 
This more general concept is captured by the following definition. 
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Definition 6 (Quasi-Uniform Relative Boimdedness). v! satisfies quasi — URBI(r), quasi — URUB(i3), 
or quasi — URB(r, B) if there exist a ^ and celR such that v! = au + cl for some u satis- 
fying URBI(r) , URUB(.B) ; orURB(r, B), respectively. 

All results we prove in this paper for the u-strategyproofness also extend to any u' = au+cl, 
where a^0,ceft. For simplicity we will only state our results for URB. 3 

Remark 1. If a mechanism is strategyproof on some set URB(r, B,m) in some setting, than 
no agent with a utility in URB(r, B, m) has an incentive to misreport its preferences. If 
some other agents ' utility does not satisfy uniform relative boundedness with respect to bounds 
(r,B), this other agent may manipulate. Nonetheless, for all agents with utilities satisfying 
the condition, it is a dominant strategy to report truthfully. 

Remark 2. In the analysis of incentives of hybrid mechanisms, strategyproofness depends 
on the ability of one component to punish misreports by strictly decreasing expected utility 
whenever the other component is manipulable. On the other hand, it is not necessary to 
punish misreports that do not benefit the agent. Therefore, we can relax the URB -requirement: 
agents can be allowed to be indifferent between goods they rank below their outside option. 
More generally, in a setting with m goods, if both mechanisms guarantee that the agent will 
receive one of its m! most preferred goods, with m! < m, for all possible joint reports, then it is 
acceptable for the agent to be indifferent between all goods in its preference ranking at positions 
m! + 1 and below. Thus, we only require agents not to be indifferent between goods they can 
actually receive via the mechanism (and would also keep). 

4.3. Weakly Less Varying Mechanisms 

To achieve interesting strategyproofness properties for our hybrid mechanisms, we also need 
the two component mechanisms to have a particular relationship. For this, we define an 
invariance monotonicity relation between two mechanisms / and g: if some change of report 
by agent i changes the allocation for i under g, then the same change of report must also 
change the allocation for i under /. 

Definition 7 (Weakly Less Varying Mechanisms), g is weakly less varying than /, denoted 
by g « /, if for any i, any two types U, t! i e T , and any t-% e T n ~ l we have 

g(ti,t-i)i ¥= gtfi, t-i)i => f(U,t-i)i ¥= /(*•, (5) 

g is weakly less varying than / on swaps denoted by g « SW ap f> if (5) holds for any i, any type 
t{ e T, and any t\ e Nt i and any t_j e T n_1 . 

Recall that the neighborhood of a type t{ is the set of all types with the same preference 
order, except for a swap of two adjacent goods. Obviously, « implies « SW ap> while the contrary 
may not hold in general. 

3 A question where quasi-URB may be of importance is in the study of tightness of this concept, but tightness 
is not covered in this paper. 
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5. Existence and Computability of Non-trivial Hybrid Mechanisms 



We are now ready to prove that non-trivial hybrid mechanisms exist and can be computed. 
5.1. Existence Result 

Our first main result shows how two mechanisms can be combined by choosing /3 > depending 
on the setting, such that the hybrid is strategyproof on URB(r, B,m) in the setting. 

Theorem 1. Fix a setting (N,M,q). The following statements are equivalent. 

1. f is a strategyproof mechanism in the setting (N,M,q). 

2. For all B ^ r™- 1 ^ > i and any mechanism g « SW ap / there exists f3 > 0, such that 
hp(f,g) is strategyproof on URB(r, B,m) in the setting (N, M, q). 

Proof Idea. We describe the idea for 1. 2. See Appendix B.l for a formal proof. 

Consider a fixed If a misreport by i changes the outcome of a strategyproof mechanism 
for i, then it looses expected utility by misreporting. We derive a non-trivial lower bound for 
this loss. Then we derive an upper bound for the gain i can expect from manipulating any 
mechanism. In both estimates we use the condition URB(r, B) to make the bounds uniformly 
independent of the actual utilities. We then use these bounds to select a non-trivial (3 such 
that (ui, hp(ti,t-i)i — hpit'^t-iji) ^ holds for any ti,^ e T,m e U n URB(r, B,m). This 
last step is possible due to the assumption g « SW ap f ', which implies that whenever an agent 
manipulates g, the mechanism / changes the allocation and thus reduces its expected utility. 
Finally, we select the lowest /3 across all possible reports i_j from other agents. □ 

The proof of Theorem 1 uses the following Lemma which is of independent interest. The 
Lemma shows that when an agent changes its type report by swapping two adjacent goods, 
then any strategyproof mechanism will only touch the allocation this agent receives for these 
two goods. No other probabilities may be changed. The proof of Lemma 1 is in Appendix B.l. 

Lemma 1. For any i_j e T n ~ , let ti e T, t! { e Nt i} and let x,y e M be the goods that change 
position, such that x >i y and y >\x. Then for any strategyproof mechanism f we get 

(/ (4 Mi - / (**> (*) = (/ (u, t-i\ - f (4 *—-)<) (f) . 

and for all goods z ^= x,y we have 

(/ (4Mi-/(^*-4) (*) = o. 

As an immediate consequence of Theorem 1, we obtain the following corollary regarding the 
existence of hybrid mechanisms that are partially strategyproof. 

Corollary 1. Fix a setting (N, M, q) . For any strategyproof mechanism f, any B ^ r m -! 5 r > 
1, and any mechanism g « SW ap / there exists (3 > such that hp is strategyproof on URB(r, B, m) 
in the setting (N, M, q) . 
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In other words: suppose, a mechanism designer faces an instance of the assignment problem 
and knows that all agents' utilities satisfy URB(r, B) for some bounds (r, B). Suppose further 
that there is a choice between a strategyproof mechanism / and another mechanism g, where 
the outcomes of g are more desirable and the hybrid hp inherits this property. Then in the 
light of Corollary 1, the designer may do better by using a hybrid mechanism without having 
to worry about misreports. All she has to do is find a suitable coefficient f3 for the specific 
setting. Furthermore, even if the designer cannot be sure about agents' utilities, any agent with 
a utility in URB(r, B, m) will have no incentive to deviate from truthful reporting (regardless 
of the other agents' reports). 

Remark 3. Note that the choice of the mixing factor (3 depends on the setting (N,M,q), the 
mechanisms f and g, and the bounds (r, B) . However, it is independent of the agents ' actual 
type profile t, their reports, or their actual utility functions. For example, if (3 was chosen for 
setting (N, M, q), and now an additional good or a new agent are introduced, then (3 may no 
longer guarantee partial strategyproofness of hybrid hp in the new setting. On the other hand, 
for a fixed setting (M, N, q), mechanisms f,g, and bounds (r,B), if an agent changes its mind 
about its type or its utility for some goods, the hybrid remains strategyproof for this agent, as 
long as the new utility function satisfies URB(r, B). 

5.2. Computability of the Maximal Mixing Factor 

We now consider the computational problem of finding a suitable f3 such that hp is strate- 
gyproof on URB(r, B, m) (in a setting). Intuitively, we would like (3 to be as large as possible, 
such that any kind of gain from using g is maximized. This value (if it exists) depends on the 
setting (N, M, q), components / and g, and bounds (r,B). Going forward, we assume some 
fixed instantiation of these. We define /3 max as the largest (3 such that all incentive constraints 
are satisfied for all utilities in URB(r, B, m). This means finding /^ max as 

Anax = max j3 

s.t. (ui, hp(ti, t-i)i — hpit'^t-iji) ^ (6) 
for all i e N, U, t[ e T, t-i e T n_1 , and e U n URB(r, B, m). 

Note that we cannot directly solve the above maximization problem, because using this for- 
malization, the specification has uncountable many constraints, as the set ij n URB(r, B,m) 
contains uncountably many utility functions for which inequality (6) must hold. However, we 
now show that the set of suitable values for f3 is computable: Proposition 2 yields a finite set 
of constraints that is sufficient for strategyproofness on URB(r, B, m), such that an algorithm 
can then check all constraints and find /3 max - The main idea is to exploit the convex structure 
of U n URB(r, B, m) to find a finite subset such that all other utilities are convex combinations 
of elements of this subset. Intuitively, this subset is the set of vectors that are corners of the 
convex set U n URB(r, B,m). The proof of the following proposition is in Appendix B.2. 

Proposition 2. Fix bounds (r,B) and a setting (N,M,c\). For type teT suppose that 

>-3l> ■■■> 3m 
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ALGORITHM 1: Find A 



Input: setting (N,M,q), mechanisms /, g (with / SP, g « SW a P /), bounds (r,B) 
Variables: parameters /3 max , agent i, types U,^, utility u il type collection £_j 
begin 

/^max * 1 

for i e N,t-i e r- 1 do 

f<-f(;t-i)i;g<-f(>,t-i)i ^ 
for ti, t'i e T,Ui e n(ti, r, B, m) do 

if (ui, f(ti, - /(tj, i_i)i> < <u l: - g(tu then 

(«i,/fe,t-i)i-/(t;,t-i)i) \ 

' {« i ,/(( il t_ i )i-/(f i ,t-i) j )-{«i,s(ii>t-i)i-9(*'i,t-i)i) y 

end 
end 
end 
end 



A. 



is £/ie corresponding preference order. Then let 

n o f „ f r m ~*, if/^m-/c + l, I , 

rj{t,r,B,m) = <uet : 3k e {l,...,m} with u(#) = j B ^_ x m ^ m - k j 

ITien /or any mechanism h the following statements are equivalent. 

1. h is strategyproof on URB(r, B, m) in the setting (N, M, q) . 

2. For any agent i, any ti,t[ e T, any t-i e T n_1 , and any it, e rj(ti,r, B,m) we have 

( Ui , h(U, t-i)t - h{^t-i)i) > 0. (7) 

Proof Idea. We show that for any type U, convex(r/(tj, r, B, m)) = ti n URB(r, B,m), where 
convex(A) denote the convex hull of A. Showing convexity of ti n URB(r, B, m) is straightfor- 
ward. The inclusion rj(ti,r, B, m) c: ijnURB(r, £>, to) is trivial, and hence, convex(r/(tj, r, B, to)) ^ 
ti n URB(r, B,m). To show "2" we prove by induction over the number of goods m that 
any element of ti n URB(r, B, to) can be represented as a convex combination of elements of 
r](ti,r,B,m). □ 

Proposition 2 has important consequences: it allows us to formulate Algorithm 1 to com- 
pute /3 max , i.e., the maximum value of (3 such that the hybrid mechanism is strategyproof 
on URB(r, B,m). The following Proposition ensures that Algorithm 1 is indeed computable: 
it terminates for all valid inputs (completeness), and if it terminates, the result is correct 
(correctness). The proof is in Appendix B.2. 

4 This special subset is the set of utilities in t, where the utility for the last choice is 1, and the value for 
consecutive elements increases by a factor of r, except for possible one pair. At this pair the factor increase 
can be „f , instead. 
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Proposition 3. If f and g are computable, Algorithm 1 is correct and complete, i.e., the 
algorithm terminates on all valid inputs, and for a setting (N, M, q), mechanisms f,g with f 
SP, g «swap /; o,nd bounds (r,B), Algorithm 1 finds a /3 max such that /i/3 max is strategyproof on 
URB(r, B, m) in the setting (N, M, q) . 

A consequence of Proposition 3 is that the set of suitable values for (5 has a very simple 
structure: it is an interval [0,/3 max ]. When decreasing j3 below /3 max , the mechanism hp 
remains strategyproof on URB(r, B,m). On the other hand, increasing /3 above /3 max always 
introduces manipulability of the hybrid mechanism in the sense that an agent with a certain 
utility function in URB(r, B, m) get an incentive to misreport. /3 max is the value computed by 
Algorithm 1. This means that the algorithm indeed finds the highest possible f3 such that the 
hybrid is strategyproof on URB(r, B,m). 

Corollary 2. Given setting (N,M,q), mechanisms f,g with f SP, g « SW ap /, and bounds 
(r,B), Algorithm 1 computes a /3 max e (0,1] such that 

1. hp is strategyproof on URB(r, B,m) in the setting (iV, M, q) for all (5 ^ /3 m ax> an d 

2. hp is not strategyproof on URB(r, B, TTij in the setting (-^V; M cQ for all /5 max < p < i. 

Proof. Algorithm 1 computes a /3 max where all binding constraints are upper bounds for /3 max , 
hence a lower (3 would not violate any constraint. On the other hand a higher (3 will violate at 
least one of the constraints, namely the constraint that was ultimately binding. Thus, there 
exist ti,ti £ T,t-i e T n_1 ,Uj e URB(r, B,m) such that (m, hp(ti,t-i)i — hp{t'^t-i)i) < 0, i.e., 
hp is not strategyproof on URB(r, B,m). □ 

6. Efficiency of Hybrid Mechanisms 

We have previously expressed hope that hybrid mechanisms can improve efficiency over their 
less efficient component. We now formalize this intuition. Recall that a mechanism satisfies 
a certain efficiency concept if all outcomes are guaranteed to satisfy the efficiency concept 
with respect to the reported preferences. For the clear-cut case when the outcome of g always 
dominates the outcome of / in some sense, the answer to this question is straightforward and 
positive. The proof for the next Proposition can be found in Appendix C. 

Proposition 4. For X, Y e X, X ex-post efficient, let Z = (1 - 0)X + f3Y with f3 e (0, 1]. 
Then 

1. Y ex-post efficient => Z ex-post efficient, 

2. Y (strictly) ordinally dominates X => Z (strictly) ordinally dominates X, 

3. Y (strictly) rank dominates X => Z (strictly) rank dominates X. 
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Proposition 4 yields two insights. First, if both mechanisms are ex-post efficient, then so 
is the hybrid. This is good, because one can guarantee ex-post efficiency in conjunction with 
strategyproofness by using RSD. Second, whenever the outcome of g dominates the outcome 
of / in some sense, then the outcome of the hybrid dominates the outcome of / in the same 
sense. But what can we say about cases when this dominance relationship is not satisfied 
for all type profiles? This requires the extension of the dominance-relation from outcomes to 
mechanisms. 

6.1. Efficiency Comparison of Mechanisms by Dominance 

In this section, we introduce and discuss three notions for comparing mechanisms by their 
efficiency. For all three notions we consider ordinal dominance and rank dominance. To keep 
it short, we will drop the identifier of the specific dominance concept (ordinal or rank) if a 
statement holds for any of the two. 

6.1.1. Ordinal (or Rank) Dominance 

A canonical notion of a more efficient mechanism arises if we compare them outcome by 
outcome. 

Definition 8 (Mechanism Dominance), h ordinally (or rank) dominates / if for all type 
profiles t, h(t) ordinally (or rank) dominates /(t). 

h strictly ordinally (or rank) dominates f if h ordinally (or rank) dominates f , and for 
some type profile t, h(t) strictly ordinally (or rank) dominates f(t). 

We adopt the notation 

h > d /, h >od f, h >r D f, h > RD f 
to denote the respective dominance for mechanisms. 

For ordinal dominance this is the same notion of dominance as used for example in Erdil 
(2011). It is strong in a sense that if h strictly dominates /, all agents would unambiguously 
agree that h yields at least weakly better outcome (under truthful reports). This agreement 
is independent of their specific utility functions. For rank dominance it is strong in the sense 
that the rank distribution of h is socially preferable to that of / if all agents are weighted 
equally. On the other hand, the comparison may not be practical since it allows comparison 
for only a small set of (pairs of) mechanisms. If the outcome of h dominates the outcome of 
/, except at a single type profile, neither mechanism can be viewed as more efficient from the 
perspective of ordinal or rank dominance. 

The following example shows that this is indeed a problem: non of the two concepts ordinal 
or rank efficiency guarantee that the allocation dominates any less efficient allocation. 

Example 2. Existence of inefficient, but undominated allocations: Consider a setting 
with ^ goods {a,b,c,d}, each with unit capacity, and 4 agents {1,2,3,4}. Let the agents' 
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preferences be 



>i, i = l,2 : a > b > c> d, 

>3 : b > c> a > d, 

>4 : a > d > c> b. 

Then let 
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X is rank efficient: one first choice (good a to agent 1) and 3 second choices are allocated, 
i.e., the rank distribution is (1,4,4,4). Any rank efficient allocation must give good d to agent 
4- Hence, to increase the number of allocated first choices, agent 3 must get b. But then 
either agent 1 or agent 2 get c, their third choice. This allocation cannot rank dominate X, 
because under X no third choice is allocated. Rank efficiency of X implies ordinal and ex-post 
efficiency. 

Y is not even ex-post efficient: agent 3 cannot receive good c in any ex-post efficient alloca- 
tion, since it could always trade with the agent who received d. This implies that Y is neither 
ordinally nor rank efficient. 

However, Y is not ordinally or rank dominated by X : the rank distribution ofY is g (14, 18, 27, 32), 
where in particular more then 1 first choice are allocated (in expectation). Y allocates a non- 
trivial share of a to agent 4, which is agent 4 's first choice, but X does not. Hence, Y is not 
ordinally dominated by X either. 

With Example 2 in mind, it is clear that not all mechanisms are comparable with respect 
to dominance as defined in Definition 8. 

Proposition 5. There exist mechanisms which are not comparable with respect to dominance. 

Proof. We can construct mechanisms h and / such that the outcomes of h always dominate 
the outcomes of /, except for preferences as in Example 2. For these preferences, h chooses 
X, while / chooses Y. Then neither of the mechanisms dominates the other weakly or strictly 
in the sense of Definition 8. □ 

6.1.2. Concept Dominance 

We learn from Proposition 5 that a canonical extension of the dominance relation to mecha- 
nisms may be too restrictive. We now turn to a weaker notion of dominance, motivated by 
the intuition that undominated allocations are in some sense more appealing than dominated 
allocation. 

The canonical dominance notion requires outcomes of h to at least weakly and sometimes 
strictly dominate those of /. We weaken the requirement in the sense that outcomes of h 
must be at least as efficient and sometimes more efficient than those of /, but we do not 
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require pairwise dominance of the individual outcomes. This notion is consistent with the 
hierarchy of efficiency concepts ex-post, ordinal, and rank efficiency: it captures the intuition 
that an ordinally efficient or rank efficient outcome is somehow more appealing, because the 
mechanism performs as well as possible by finding undominated allocations as opposed to 
potentially dominated ones. 

Definition 9 (Concept Dominance), h ordinally (or rank) concept dominates / if for every 
type profile t we have 

/(t) ordinally (or rank) efficient => h(t) ordinally (or rank) efficient. 

Concept dominance is strict if h concept dominates f and for some type profile t, h(t) is 
ordinally (or rank) efficient, but /(t) is not. 
We introduce the notation 

h >COD f, h >COD f, h >CRD f, h >CRD /• 

Many more pairs of mechanisms are comparable by concept dominance, e.g., the mechanisms 
constructed in the proof of Proposition 5 are clearly comparable. Also, if h ordinally (or rank) 
dominates / weakly, then the respective concept dominance also holds weakly in the same 
direction. 

Unfortunately, this is already the end of the good news. First, while h may strictly ordinally 
(or rank) dominate /, this strictness does not always translate into strict concept dominance. 
Second, h may strictly concept dominate /, even though all outcomes of / dominate the 
outcomes of h (even strictly for some), except at a single type profile. What is more, at this 
type profile, agents may have utilities such that all of them unambiguously agree that the 
allocation under / is better than under h. The following examples illustrate these drawbacks. 

Example 3. Existence of strictly dominant, but concept- equivalent allocations: 

Consider the setting from Example 2 with 4 agents and 4 goods with unit capacity. Suppose 
that the agents ' preferences are 



>i,i 
>i,i 



1,2 : a > b > c> d, 
3, 4 : a > c> b > d. 



and consider the allocations 



( 2 2 2 2 \ 

2 2 2 2 

2 2 2 2 

V 2 2 2 2 / 



,Y 2 



/ 2 



\2 1 



1 2\ 

1 2 

3 2 

3 2/ 



( 2 4 2 \ 

2 4 2 

2 4 2 

\ 2 4 2 / 



Note that X\ >od Y\ >od Y2 an d X\ >rd Y\ >rd ^2- Furthermore, Xi,Y\,Yi are ex- 
post efficient: each is a convex combination of ex-post efficient deterministic allocations (this 
shown in Remark 5 in Appendix F). Y\ and Y<i are not ordinally efficient and hence neither 
rank efficient, since both are dominated by X\. Thus, we found a merely ex-post efficient 
allocation that ordinally and rank dominates another ex-post efficient allocation. 
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The next Proposition shows the undecidedness of concept dominance. 

Proposition 6. There exist mechanisms h, f such that h strictly dominates f in the sense of 
Definition 8, but h does not strictly concept dominate f , and f and h weakly concept dominate 
each other. 

Proof. Suppose, mechanisms h and / always produce the same ex-post efficient allocations, 
except for types t when f(t) is ex-post efficient, but not ordinally efficient. Then the allocation 
from h(t) is chosen to ordinally and rank dominate /(t), but also as ordinally inefficient. 
Example 3 shows that this is possible. Then h and / are equivalent with respect to concept 
dominance, because whenever /(t) is ordinally or rank efficient, then so is h(t), but the 
allocations never satisfy different efficiency concepts. This implies h >cod f ', f ^cod h, 
h >crd f, and / >cbd h. 

On the other hand, for at least one type profile t, h (t) strictly ordinally and rank dominates 
/(t), and for all other profiles at least h(t) >od /(t) and h(t) >rd /(t). This implies 
h >od f and h >rd f with respect to the strong notion of efficiency comparison from 
Definition 8. □ 

This shows the failure of concept dominance to detect a clear dominance of h over /. The 
next example can be used to illustrate that concept dominance may actually make fatal errors, 
i.e., it can give strict preference to a mechanism that may be less attractive in a certain sense. 

Example 4. Existence of inefficient allocations that all agents prefer: We consider 
the setting and preferences from Example 3, and the allocation 
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X 2 is ex-post efficient (see Remark 5 in Appendix F), but not ordinally or rank efficient: X 2 
is rank dominated by X\, and agents 1 and 3 would agree to trade shares of b and c. Thus, 
X\ concept dominates X 2 . 

Suppose now that agents 1 and 2 have utility u = (400, 12,8,4), and agents 3 and 4 have 
utility v! = (400, 392, 396, 4) for goods o, b, c, d, respectively. Then the difference in expected 
utility for agents i = 1,2 is 

(u, (Xi - X 2 )i) = 107 - 138 < 0, 

and for agents i = 3,4 it is 

(u, {Xi - X 2 )i) = 299 - 330 < 0. 

Thus, all agents prefer allocation X 2 to X\. Note that this results is stronger than simply 
stating that X\ does not dominate X 2 : ordinal non-dominance only implies that a utility 
profile exists such that at least one agent prefers X 2 , but in the example all agents prefer X 2 . 
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The following proposition formalizes the way in which concept dominance can make arguable 
wrong decisions. 

Proposition 7. There exist mechanisms h, f, such that f strictly concept dominates h, but 

• For some type profile t, there exists a utility profile u such that all agents strictly prefer 
the allocation h (t) to the allocation f (t) . 

• For all type profiles t ^ t, the allocation h(t) dominates the allocation f(t), and the 
dominance is strict for some type profiles. 

Proof. Consider mechanisms h and / as constructed in the proof of Proposition 5, where h(t) 
dominates /(t) whenever possible, but never satisfies a higher efficiency concept. Change this 
mechanism for some type profile t such that h (t) is not ordinally or rank efficient, but / (t) 
is. Example 4 shows that there may exist utilities such that all agents prefer the outcome of 
h under t. Nevertheless, / >cod h or / >crd h. □ 

So even though h is without doubt the better choice in almost all cases and may even be 
the better choice for the exception, concept dominance will strictly recommend /. 

6.1.3. Imperfect Dominance 

We now consider a third alternative for comparison of mechanisms' efficiency. Again we 
start with some notion of dominance, but alter the intuition: h should be prefered to / if, 
whenever the outcomes are comparable by the dominance-notion, then the outcome of h is 
better. Essentially, this is equivalent to the strong notion of dominance from Section 6.1.2, 
but deliberately ignoring cases where no decision can be made. 

Definition 10 (Imperfect Dominance), h ordinally (or rank) imperfectly dominates another 
mechanism f if for all type profiles t, f(t) does not strictly ordinally (or rank) dominate h(i). 

h strictly ordinally (or rank) imperfectly dominates f if h ordinally (or rank) concept dom- 
inates f, and there exists a type profile t such that h (t) strictly ordinally (or rank) dominates 

/(*)■ 

The respective notation is 

h >iod f, h >iod f, h >ird f, h >ird f- 

Imperfect dominance does not suffer the aforementioned problems of concept dominance. 
On the mechanisms from Proposition 6, imperfect dominance decides in favor of h, where 
concept dominance is undecided. On the mechanisms presented in Proposition 7, imperfect 
dominance actually decides strictly in favor of h, where concept dominance picks the arguably 
less desirable /. 

There exist mechanisms that are incomparable with respect to imperfect dominance, e.g., 
if the outcomes of h sometimes strictly dominate /, and sometimes the reverse is true. Con- 
cept dominance may make a decision here (even strictly), however, it depends on the utility 
functions of the agents whether this decisiveness is actually attractive. 
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Another limitation of imperfect dominance is that the relation is not transitive, i.e., g >iod 
h and h >iod f does not imply g >iod /■ This is because the outcomes h(t) may be 
incomparable to g(t) or /(t), but /(t) may dominate g(t). Therefore, >iod does not induce a 
partial ordering on the space of mechanisms. The imperfect rank dominance relation has the 
same problem. 

Hence with all due care, we employ imperfect dominance to compare the efficiency of hybrid 
mechanisms and their components. 

6.2. Efficiency Comparison of Hybrid Mechanisms 

We find that if one considers an ex-post efficient mechanism / as the first component of a 
hybrid mechanism h, and chooses a g that imperfectly dominates /, then h also imperfectly 
dominates /. This is Proposition 8, which is proven in Appendix C.l. 

Proposition8. For mechanisms f , g , let hp = (1 — /3)f + /3g be a hybrid with f3 e (0,1]. Then 
1. g >iod f => h >wd f and g >i RD f => h >ird f, 
2- g >iod f => h >wd f and g >ird f => h >ird /■ 

This guarantees that when g weakly imperfectly dominates /, then so does h, and if the 
imperfect dominance of g is strict, then so is the imperfect dominance of h. We also learn 
that the outcome of / never strictly dominates the outcome h. Note however that we cannot 
guarantee concept dominance of the hybrid mechanism over /, since the convex combination 
of ordinally (or rank) efficient allocations may not be ordinally (or rank) efficient. Hence, some 
allocations produced by h may be ordinally (or rank) inefficient, i.e., they may be dominated 
by other allocations than those from /. 

7. Hierarchies of Efficiency and Manipulability 

We have established incentives as well as efficiency improvements for hybrid mechanisms sep- 
arately. Concerning the trade-off between strategyproofness and efficiency, we find that as the 
mixing factor j3 increases, the resulting hybrid mechanisms become more efficient, but also 
more manipulable. In the following, suppose a setting (N, M, q), a strategyproof mechanism 
/, a mechanism g that imperfectly dominates /, g « SW ap f, and g is manipulable in the setting. 
Furthermore, let < /3 < /3' ^ 1. 

7.1. Efficiency Hierarchy 

The following Proposition shows that /i«'(/, g) imperfectly dominates hp(f,g), i.e., efficiency 
increases as the mixing factor increases. 

Proposition 9. Let f be strategyproof and g « SW ap f, and let g (strictly) imperfectly dominates 
f . Then for < (3 < ft' ^ 1, hp (strictly) imperfectly dominates hp. 
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Proof. Analogous to the proof of Proposition 8, one can show that g imperfectly dominates 
hp(f, g). Therefore, we can apply Proposition 8 to mechanisms hp(f, g) and g, and with mixing 
parameter e (0, 1]. This yields imperfect dominance of hp/(f,g) over hp(f,g). □ 

7.2. Manipulability Hierarchy 

While hpi(f,g) imperfectly dominates hp(f,g), it is also less robust to manipulation. To com- 
pare mechanisms by their degree of vulnerability to manipulation, Pathak and Sonmez (2013) 
have recently introduced a framework that allows for the comparison of arbitrary mechanisms. 
Using their framework and our parametrization of hybrid mechanisms via the mixing fac- 
tor /3, we can describe a hierarchy of hybrid mechanisms that are strictly more manipulable 
for strictly larger (3s. We next describe the intuition behind their framework. The formal 
definitions are repeated in Appendix G. 

Informally, a mechanism h! is as strongly and intensely manipulable as mechanism h if any 
agent who can manipulate h can also manipulate h', and the increase in expected utility from 
manipulating h' is at least as high as from manipulating h. A mechanism h' is intensely and 
strongly more manipulable than h if it is as intensely and strongly manipulable as h, and there 
exists a utility such that an agent with this utility could manipulate h' , but not h. 

Proposition 10. Let f be strategyproof and g « SW ap f, an d let g be manipulable for some 
setting (M, N, q). Then for < f3 < f3' < 1, hw is intensely and strongly more manipulable 
than hp. 

Proof Idea. We first show that the constraints in Algorithm 1 are continuous in the bounds. 
By the interim value theorem, we find bounds (r, B) such that f3 is equal to the /3 max found by 
Algorithm 1 applied to (r,B). Because /3 < 1, some constraint in Algorithm 1 was binding, 
which implies that we can find a utility u in URB(r, B, m) for which hp is strategyproof in the 
setting (N, M, q), but hp is not. See Appendix D.l for a formal proof. □ 

8. Hybrid Instantiations: Mixing RSD with PS and RV 

In this section, we instantiate the theoretical results from the previous sections with a non- 
trivial hybrid mechanism that uses Random Serial Dictatorship (RSD) and Probabilistic Serial 
(PS) as component mechanisms. The main technical challenge to obtain this result is to show 
that PS «swap RSD. For the Rank Value mechanism (RV), we get a negative result. We show 
that for certain choices of rank valuation, RV 5^ S wap RSD, and that RSD and RV cannot be 
combined to non-trivial hybrid mechanisms that are partially strategyproof. 

8.1. Mixing RSD and PS 

Random Serial Dictatorship (RSD) mechanisms constitute a whole class of mechanisms that 
work as follows: first, the mechanism randomly draws an ordering of the agents according to 
some previously fixed distribution. The first agent from the ordering gets to pick its favorite 
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good. Next, the second agent can choose amongst the remaining available goods. This contin- 
ues until all agents have picked a good. The non-deterministic allocation matrix produced by 
RSD is determined after all reports are submitted, but before the specific ordering of agents 
is drawn. The choice of distribution instantiates a specific mechanism. 

All RSD mechanisms are ex-post efficient, strategyproof, and nonbossy (nonbossy is shown 
in Lemma 7 in Appendix E.l). Most commonly, a uniform distribution over orderings is 
used, which makes the specific mechanism RSD nmi anonymous 5 . Algorithm 2 in Appendix H 
implements RSD nmi . 

Probabilistic Serial (PS) mechanisms also constitute a whole class of mechanisms that work 
as follows (Bogomolnaia and Moulin, 2001): Implicitly, the mechanisms treat all goods as 
if they were divisible. Agents begin "consuming" probability shares of their favorite goods. 
When a good's capacity is exhausted, the agents from this good move on to their respective 
next favorite good. This continues until all agents have accumulated a total of 1 in probability 
shares. Agents are endowed with eating speed functions® Sj(r) > 0, and each agent consumes 
So s i( T )^ r shares by time r'. The probability shares accumulated by an agent constitute its 
probabilistic allocation. 

All PS mechanisms are ordinally efficient and nonbossy (see Theorem 1 in Kesten and Ekici 
(2012)), but may not be strategyproof. For the analysis, it is important to note that the 
incentives to manipulate depend on agents' cardinal utilities. 7 A popular choice of eating 
speed functions are uniform eating speeds, i.e., Sj(r) = 1 for all i e N, r e [0,1], and the 
resulting mechanism PS nmi is anonymous (Bogomolnaia and Moulin, 2001). 8 Algorithm 3 in 
Appendix H implements PS umi . 

To simplify notation, we will omit the superscript "unif" for both mechanisms and refer to 
RSD umi and PS nmi as RSD and PS, respectively, except in formulations of results. 

We now show that for any setting (JV, M, q), PS is weakly less varying on swaps than RSD, 
i.e., if an agent i swaps two goods in its report, and due to this PS changes i's allocation, 
then the same report change must also change i's allocation under RSD. The formal proof is 
in Appendix E.l. 

Theorem 2. For any setting (N, M, q), ps umi is weakly less varying on swaps than RSD™ 11 , 
i.e., P5 unif « swap RSD™*. 

Proof Idea. Suppose agent 1 of type t considers to misreport as a neighboring type t' e N t by 
swapping two adjacent goods in its preference report, x and y, say. We must show that this 



5 To the best of our knowledge it is an open question whether ex-post efficiency, strategyproofness, and 

anonymity uniquely characterize RSD unl1 . 
6 Si is non-negative and chosen so that J Si(r)dr = f , i.e., consumption ends at time f . 

7 Note that PS satisfies the much weaker concept of weak strategyproofness, i.e., for any number of agents n, 
goods m, capacities q, eating speed functions s, and any type t e T there exists a utility u e t such that PS 
is it-strategyproof (see Bogomolnaia and Moulin (2001)). 

8 Hashimoto et al. (2013) characterize PS unl1 a s the unique mechanism that is ordinally efficient and ordinally 
fair. Ordinal fairness is satisfied if for an agent i, who receives non-trivial shares of some good x, the 
probability of receiving some good y it weakly prefers to x is no larger than any other agent's probability of 
receiving a good that this agent weakly prefers to x. 
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swap either has no influence on its allocation under PS, or this swap changes the allocation 
under RSD as well. The proof proceeds in three steps: 

1. Characterize the report profiles and misreports for which PS changes the allocation: PS 
changes the allocation if and only if neither x nor y are exhausted when agent 1 begins 
consuming at x (under truthful report). 

2. Characterize the report profiles and misreports for which RSD changes the allocation: 
RSD changes the allocation if and only if there exists an ordering of the agents such 
that all agents preceding agent 1 in this ordering would remove all goods that agent 1 
prefers to x and y, but neither x nor y. 

3. Show that the criterion in 1. implies the criterion in 2. 

3. can be shown by recursively selecting agents for the specific ordering and exploiting the 
fact that x and y are not exhausted under PS when agent 1 gets to them. □ 

Theorem 2 allows us to now state our most tangible result in this paper: we can combine 
RSD (for uniform distributions over orderings) and PS (for uniform eating speeds) to non- 
trivial hybrid mechanisms that are ex-post efficient, strictly ordinally imperfectly dominate 
RSD, and are partially strategyproof on URB(r, B,m) in a given setting. 

Corollary 3. Given a setting [N, M, q), where m ^ A, and bounds (r, B), there exists a f3 > 
such that h,3(RSD unii ,PS unii ) is strategyproof on URB(r,B , m) in the setting and ex-post 
efficient. Furthermore, h/3(RSD unii , PS unif ) > IO DRSD unii . 

Proof. RSD is strategyproof, and in Theorem 2 we have shown that PS « SW ap RSD. Thus, 
RSD and PS satisfy the criteria needed to apply Corollary 1, which gives us the first part 
of the corollary. For the second part, observe that PS >iod RSD, since the outcomes of 
PS are never ordinally dominated by any allocation. Example 1 from Section 3.4 shows that 
for m > 4 type profiles exist for which the outcome of PS strictly ordinally dominates the 
outcome of RSD. This yields PS >wd RSD, and using Proposition 8 we get the desired 
imperfect dominance. □ 

Remark 4. Kojima and Manea (2010) have shown that for a fixed set of goods, PS nmi is 
strategyproof in settings where the capacities q of the goods are sufficiently large. Thus, the 
parameter /? max found by Algorithm 1 for mixing PS unii and RSD nnii will be 1 if applied to a 
setting where enough copies of each good are available. This will be the case for any bounds 
(r,B). In the light of this result, our hybrids hp(RSD n , PS umf ) become particularly useful 
for settings where the capacities are small, and PS nmf is not strategyproof. 

8.2. Impossibility Result for Mixing RSD and RV 

After having seen an actual instantiation of non-trivial hybrid mechanisms mixing RSD and 
PS, we now turn to a negative result that demonstrates that not all mechanisms can be 
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usefully mixed, which is the case for RSD and RV. Here, RV denotes the class of Rank Value 
mechanisms (Featherstone, 2011). The allocation is determined by 

X = arg max x allocation J] x id v rankt{j) . (8) 

ieN,jeM 

The choice of a rank valuation v = {v\, . . . , v m ) with vt > Vk+i for all k yields an instantiation 
of the many possible RV mechanisms, denoted v — RV. An entry is interpreted as some 
social value for assigning an agent its kth. choice, though it does not need to reflect actual 
cardinal utilities. The arg max may contain more than one rank efficient allocation. For a 
well-defined mechanism, a tiebreaker must be chosen 9 . RV mechanisms are not strategyproof, 
but they are rank efficient, which is a stronger requirement than ordinal efficiency. One might 
hope that hybrid mechanisms mixing RSD and RV yields imperfectly rank dominant and 
partially strategyproof mechanisms. 

This hope is not unwarranted in a sense that there might exist rank valuations and tiebreak- 
ers for which the RV mechanism is weakly less varying than RSD. However, for a rather large 
class of rank valuations, we can prove the opposite. Thus, Corollary 1 cannot be applied to 
obtain partially strategyproof non-trivial hybrids in general. 

Featherstone (2011) uses the rank valuation 

v = (100, 80, 50, 35, 15, 10, 5, 3, 2, 1, 0.5) 

for a setting with 11 goods in numerical evaluations. Observe that t>3 — 1>4 = 15 < 20 = V4 — V5. 
This motivates the definition of the class of rank valuations with non-decreasing increments: 
v is said to have non- decreasing increments if for some k e {1, . . . , m — 2} we have Vk — Vk+i < 
v k+i ~ v k+2- F° r valuations with non-decreasing increments, a non-trivial hybrid of RV and 
RSD cannot be partially strategyproof. This is the result of the following proposition. The 
proof is in Section E.2 of the Appendix. 

Proposition 11. If v is a rank valuation with non- decreasing increments, then for any number 
of goods m ^ 3 there exists a setting (N,M,q) and preference profile >= (>i, >-i) such that 
agent 1 can beneficially manipulate RV, but RSD nmi is invariant to this manipulation. 

Proof Idea. For the specific choice of rank valuation we construct a preference profile such that 
RV offers an unambiguous manipulation to agent 1 (regardless of its actual utility). Then we 
show that for RSD does not react to this manipulation in the sense that it does not change 
the allocation of agent 1 when it changes its report from the truth to the manipulation. □ 

Intuitively, this means that the hybrid mechanism is manipulable for an agent of some type 
(independent of its specific utility within that type): any share of RSD in the hybrid cannot 
compensate the incentives to manipulate the remaining share of RV. This does not mean that 
no other strategyproof mechanism exists that could always be usefully mixed with RV, but 

9 One option is to find all deterministic rank efficient allocations in the arg max, then assign uniform proba- 
bilities (see Featherstone (2011)). Example 5 illustrates the manipulability of RV, for any choice of rank 
valuation v and any tiebreaker. 



27 



(a) 



(b) 



Figure 3: Numerical analysis for hp(RSD,PS). The plots show /3 max on the vertical axis 
for a setting with 4 agents and 4 goods with unit capacity: (a) B e [3, 10] and 
r e [1.01, 1.425]; (b) B e [10, 50] and r e [1.01, 2]. 



it will not be RSD. This is unfortunate, since RSD is a canonical choice for a strategyproof 
and ex-post efficient mechanism. It remains an open research question whether for any rank 
valuations RV is in fact weakly less varying than RSD, and it would also be interesting to 
explore other mechanisms that can be mixed with RV. 

9. Numerical Results and Computational Complexity 

In this section, we provide numerical results for hybrids mixing RSD and PS to demonstrate 
the range of the maximal mixing factor /3 max . To this end, we implemented Algorithm 1 and 
computationally determined /3 max in a tractable setting, varying the bounds (r,B). 

9.1. Maximal Mixing Factor /3 max for 4 Agents and 4 Goods 

Figure 3 shows plots of /3 max on the y-axis, for a setting with 4 agents and 4 goods with unit 
capacity. On the left, we let B e [3, 10] and r e [1.01, 1.4]. On the right we let B e [10, 50] 
and r e [1.01, 2]. We see that the range of /3 max is large, and is primarily driven by the bound 
r. To give just one example, we can see in the left graph that for B = 10 and r = 1.4, /3 max is 
50%. This means that if agents value their most preferred good at most 10 times as high as 
their least preferred good, and each good is worth to them at least 40% more than the next 
alternative, the hybrid mechanism ho^(RSD, PS) is strategyproof for these agents (in settings 
with 4 agents and 4 goods with unit capacity). 

The plots in Figure 3 suggest that /3 max is linearly dependent on r. We can see that /3 max 
eventually reaches 1 when r is sufficiently large. For example, in Figure 3 (b), we see that 
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Anax = 1 for r = 1.9 and B = 10, i.e., for these bounds the hybrid can consist completely of 
PS. The observed linear relationship suggests that the tightest bound in Algorithm 1 remains 
the same as the bounds (r, B) vary, but that the magnitude of manipulation changes with the 
utility function of the manipulating agent. Put differently, the structure of the most harmful 
manipulation is unchanged, but /3 max reacts to changes in the utility function. 

Figure 3 (a) also suggests that the dependence of /3 max on B is inverse proportional. This 
makes sense, because large values of B make manipulations more attractive, such that a smaller 
/3 must be chosen to guarantee partial strategyproofness. However, /3 max is much less sensitive 
to increases in B than to decreases in r. In particular, for high values of B, the reduction of 
Anax as B increases further becomes minimal (see plot in Figure 3 (b)). For extreme values 
like r = 1.05, it makes almost no difference whether B = 1,000 or B = 10,000. We find that 
/5max * 0.05 in both cases (not shown in Figure 3). 



9.2. Computational Complexity 

Computing /3 max quickly becomes computationally hard. One reason for this is that the number 
of constraints to be checked grows exponentially in the number of goods and agents: there 
are ml possible preference orderings, which yields (m\) n possible preference profiles. For each 
profile, the algorithm must iterate through all n agents and all ml possible for each of them. 
Thus, the number of constraints to be checked is 

O {{m\) n • n • m!) = O ((m!) n+1 nj . 

Furthermore, for each of these constraints, the allocations of both components must be de- 
termined. While the algorithm we use to compute PS (see Algorithm 3 in Appendix H) has 
polynomial worst-case complexity O (m 2 (m + n)) , the algorithm we use to compute RSD (see 
Algorithm 2 in Appendix H) has exponential time complexity 0{n\m). This means that the 
overall runtime of Algorithm 1 applied to RSD and PS is 

O ^(m!) n+1 n (m 2 (m + n) + n!m)^ = O (^(ml) n+2 (n!) n 2 m 3 ^ 

By exploiting anonymity and neutrality of PS and RSD and in settings with equal capacities, 
we reduce the number of constraints to 

ml + n — 2 
n — 1 

improving performance in practice by a few orders of magnitude. The overall runtime then is 

„// m! + n-2\, 2 . N . A „// m! + n-2\, 3 N 
Oil ^ J [m (m + n) + nlm) J = O (( \{nl)m 6 

Besides the large number of constraints, the second major bottleneck in the implementation 
was the complexity of RSD. However, to the best of our knowledge, no algorithm is known 
that can compute the non-deterministic allocation of RSD in worst-case polynomial time. 
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10. Conclusion 



10.1. Summary 

In this paper, we have studied the assignment problem, and our main contribution is a new 
paradigm we call partial strategyproofness, which is strategyproofness on a constrained subset 
of the utility space. The main constraint is that agents' utilities must be bounded away from 
indifference. In contrast to approximate strategyproofness, we have not aimed for mechanisms 
that bound agents' incentives to manipulate, but instead we have designed mechanisms that 
are "fully" strategyproof for the constrained subset of utility functions. 

We have introduced hybrid mechanisms, which are convex combinations of existing mecha- 
nisms, with the goal to construct new mechanisms that are partially strategyproof and have 
good efficiency properties. In order to measure the efficiency improvements from using hybrids, 
we have developed the imperfect dominance concept, an extension of the canonical notions of 
dominance to mechanisms. Intuitively, we say that h imperfectly dominates /, if whenever h 
and / are comparable then h is the better choice. This efficiency concept allows us to make 
meaningful comparisons between hybrid mechanisms. 

We have provided a large number of technical results (see Figure 1), but the most tangible 
one is without doubt Corollary 3, which is an instantiation of our theoretical results to two 
specific mechanisms. The corollary says that we can mix RSD and PS, such that the resulting 
hybrid mechanism is partially strategyproof and also strictly imperfectly dominates RSD. On 
a technical level, proving partial strategyproofness for the resulting hybrid required proving 
that PS is weakly less varying (on swaps) than RSD, i.e., that whenever PS changes the 
allocation upon a change of report (a swap), then so does RSD. 

We have complemented our theoretical analysis with numerical results, showing that the 
maximal mixing factor can be surprisingly high for PS and RSD. For example, for a setting 
with 4 agents and 4 goods with unit capacity, if agents' utilities are bounded away from 
indifference by 1.4 and are upper-bounded by 10, then we can mix RSD and PS at a ratio of 
50/50, and the resulting hybrid is still strategyproof for the specified set of agents. 

We believe that our theoretical and numerical results demonstrate that partial strategyproof- 
ness constitutes an interesting new mechanism design paradigm, enabling new kinds of trade- 
offs between efficiency and strategyproofness. In this way, our work sheds new light on the 
design space for assignment mechanisms, and shows that we do not need to settle for RSD 
and ex-post efficiency. In particular in small settings, where limit results do not apply, our 
hybrid mechanisms may even prove useful for practical applications. 

10.2. Future Work and Open Research Questions 

The work presented in this paper has raised a number of new research questions, some of 
which we plan on addressing in future work. First, we will tackle the tightness of the concept 
URB(r, B). This will involve showing that hybrid mechanisms cannot be partially strate- 
gyproof if agents' utilities are not bounded away from indifference. Note that the condition 
URB(r, B) is not the tightest condition for which Theorem 1 and Corollary 1 can be proven. 
It is possible to replace URBI(r) by a weaker condition based on uniformly bounded constant 
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minimum increments. Nonetheless, we presented our findings for relative lower bounds for 
two reasons: first, the relative concept is much more intuitive to understand. Second, most 
popular mechanisms satisfy weak invariance (as defined in Hashimoto et al. (2013)), and we 
hypothesize that for weakly invariant mechanisms, the magnitude of manipulability depends 
on the relative rather than absolute utility differences. In terms of the sets of utilities for which 
partial strategyproofness can be guaranteed, we will numerically and analytically explore the 
advantages and disadvantages of different constraints on the utility space, including relative 
upper bounds and absolute lower bounds. 

We have shown that previously existing efficiency concepts and dominance relations are not 
sufficient for the comparison of assignment mechanisms in general, and hybrid mechanisms 
in particular. For this reason, we have introduced the imperfect dominance concept, but this 
is only a first step towards developing new, more useful efficiency comparisons. In future 
work, we will continue studying new methods for efficiency comparisons, which will include 
using rank based and cardinal measures of welfare as well as different dominance relationships. 
We will also explore how partially strategyproof mechanisms compare to mechanisms on the 
efficient frontier as described in Erdil (2011). 

On a conceptual level, our main contributions in this paper were partial strategyproofness, 
uniformly relatively bounded utilities and imperfect dominance. However, these concepts are 
not limited to assignment problems. In future work, we plan to apply these and similar 
concepts to two-sided matching problems and social choice problems. This may establish the 
generality of these concepts or show their limitations. 

We also plan on continuing the formal analysis of hybrid mechanisms, including proving 
tighter analytical bounds for ft as a function of the setting parameters. Based on our simula- 
tions, it looks like the maximum value for (5 is linearly increasing in r and inversely proportional 
to B, which is a relationship we would like to prove as well. Furthermore, an extension to 
the case of more than two component mechanisms may also be interesting. For the particu- 
lar components PS and RSD we will consider non-uniform distributions over orderings and 
non-uniform eating speeds. Finally, to make hybrid mechanisms useful in practice, the speed 
at which the maximal mixing factor /3 max can be computed is essential. Thus, developing 
more efficient algorithms for finding /3 max is an interesting problem. At its core, however, this 
last challenge involves finding an algorithm for computing the stochastic allocation matrix for 
RSD in polynomial time, which has already proven to be a very difficult research problem. 
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Appendices 



A. Proofs from Section 4: Hybrid Mechanisms 

A.l. Proofs from Section 4.1: Construction of Hybrid Assignment Mechanisms 

Proof of Proposition 1. The convex combination of allocations is an allocation. 

By induction it suffices to prove the result for two allocations. Let X, Y e X be allocations 
and Z = (1 — f3)X + f3Y for some /3 e [0, 1]. Z is again a matrix with n rows and m columns. 
We have = (1 — + PVi,j fo r ah i e N,j e M. Then for any ieN and j e M, 

respectively, we have 

Y Zi >j = Y ^ ~ + = ^ ~ ^) Y Xi >j + p Y yi J = ^ ~ ^ + P q 3 = q j> 

ieN ieN ieN ieN 

and 

Yj Zi,j = Y 0- - P) X V + PVij = i 1 ~ P) Y Xi >i + PY yi >i = l-/5 + /3 = l, 

jeM jeM jeM jeM 

which proves the result. □ 



B. Proofs from Section 5: Existence and Computability of 
Non-trivial Hybrid Mechanisms 

B.l. Proofs from Section 5.1: Existence Result 

Proof of Theorem 1. Fix a setting (N, M, q). The following statements are equivalent. 

1. f is a strategyproof mechanism in the setting (JV, M, q). 

2. For all B ^ r "i-i^ r > ^ an( ^ m y mec ji an .i sm g « swap f there exists (3 > 0, such that 
hp(f,g) is strategyproof on URB(r, B,m) in the setting (JV, M, q). 

Show "=>" Fix reports from the other agents t-i e T n ~ l . We use the abbreviated form f(t) 
to denote f(ti,t-i)i. Suppose that / is SP and that a setting (JV, M, q), g « SW ap / and 
B ^ r m -! 5 r ^ r > 1 are given. We need to show that there exists j3 > such that 

<u,^(t)-^(O>^0 (9) 

holds for any t,tf e T and any u e t n URB(r, £>, m). 

First we require two more definitions: the canonical transition between two types and 
the minimum change of / under swaps. 

Define as the canonical transition form t to tf the sequence Can(i, t') = (to = t,ti, . . . , ifc-i, 
i') of types in the following way: 
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1. Identify the first ranked good in t' . 

2. Identify the sequence of swaps needed to bring this good to first position, beginning 
at the preference order of t. 

3. Identify the second ranked good in t' , and identify the swaps needed to bring it to 
second position, beginning at the preference order created by all previous swaps. 

4. Repeat this procedure for all positions in t' . 

5. Define Can(i, t') as the sequence of types generate by this sequence of swaps. 

Observe that t\ e Nt l+1 and ti + \ e iV^for all I e {0, . . . , k — 1}, i.e., consecutive types in 
Can(t, t') are neighbors. Second, note that every pair of goods x, y is swapped at most 
once. Therefore, if t is the true type of an agent, any swap transition will change the 
order of two goods from the true order to the wrong order. 

Let t e T be a type and t' e N t a type in the neighborhood of t. Let x, y be the goods 
that get swapped in the transition from t to t'. / is SP, hence Lemma 1 yields that f(t) 
and f(t') differ only in the probability for x and y, and (f(t) — f{t')) y = —(f(t) — f{t')) x . 
Define 

ef = min{e (/)t)t /) : £(/,*,*') = (/(*) - f{t')) x for some teT,t' e jV t ,e (/)M /) > 0,x e M). 
The above argument guarantees that ef > 0. 10 

Fix t,if, then g(t) j= g(t'). Otherwise (u,hp{t) - hp(t')) = (u,f(t) - f(t')) 5= for any 
(3. If g{t) i= g(t'), there must be at least one I e {0, . . . , k — 1} such that g(ti + i) =£■ g{t\). 
Then f{ti + \) ^ f(U), because g is weakly less varying on swaps than / by assumption. 
Let x, y be the two goods swapped in the transition from t\ to tj+i, changing x >i y to 
y >;+i x, say. Then for any u e t we have 

<«,/(*{) -/(*l+l)> = U(x)(/(tl)-/(ti+l))x + «(y)(/(*l) -/(*!+!))» 

= (u(x)-«(y))(/(t,)-/(t J+1 )) a 
> (u(x) -u(y))e f . 

Here the last inequality follows because i; and tj+i are consecutive elements of the canon- 
ical transition from t to t'. Hence, x >t y in the true preference order of the agent, which 
implies u(x) > u(y). 

Now, for some u e t n URB(r, m) we have u(a;) ^ ru{y) and ^ 1. It follows that 

(u,f( tl )-f(t l+1 ))>(r-l)e f . 

None of the other swaps in Can(t, t') will increase the expected utility by the same 
argument. Thus 

fc-1 

(u, f{t) - /(0> = 2 <«, f(ti) - /(t,+i)> > (r - l) e/ > 0. (10) 
z=o 

Note that e/ may depend on the setting, but is independent of g,r,B. 
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This establishes a lower bound for the loss in case a misreport changes the allocation. 
Now we upper-bound the potential gain from manipulating g. In the worst-case, an agent 
of type t can attain its most preferred good with certainty under g by reporting type t' , 
but would receive its least preferred good when reporting t. Then if u e t nURB(r, B, m), 
we have 

(u,g(t')-g(t))^B-l, 

or equivalently 

(u,g(t)-g(t'))>l-B. (11) 
Choose j3 = g.y+e^r-i) > 0, then 1 - (3 = ^z^h^T) and use (10) and (11) to get 

(u,hp(t)-hp(t')) = (l-f3)(uj(t)-f(t')) + f3(u,g(t)-g(t')) 
> (l-/3) e/ (r-l)+/3(l-£) 

^ ^- 1 )(( 1 -^ + ^-l 1 + "4-l) )-° 

/ and g still depend on the report >_j from all other agents. However, the upper bound 
for g was independent of this report, and the lower bound depends on >_j through the 
existence of a ej > 0. But since / is strategyproof regardless of >-i, we can repeat 
this argument for any >_j and find a e/>_ i > each time. There are only finitely 
many possibilities for hence we can choose the smallest and obtain a f3 for which 
inequality (9) is satisfied for any t,t' e T and any u e t n URB(r, B, m). 

Show "<=" By contradiction: suppose / is not strategyproof, then there exist types t^. L e 
T n-1 ,i, £' e T,u e t (a gain using abbreviated notation) such that 

(u,f(t)-f(t'))<0. (12) 

Multiplying u by a scalar and adding or subtracting a scalar multiple of the unit vector, 
we construct aa'et for which inequality (12) holds as well, but with minu' = 1. Because 
indifference is not permitted, we can define 

u'{x) max xeM u'(x) m __ 1 
r u i = mm — — — - > 1, B u > = — . — — > r , 

x,yeM,x predecessor of y U {y) min ye M U {y) 

Then we choose g — /, such that g «swap 

/ and hp = / for any f3 e [0, 1]. But then 
hp = f is not strategyproof for v! e t n URB(r u /, B u /,m) for any f3 > 0, a contradiction. 

□ 

Proof of Lemma 1. For any t-i e T n ~ l , let U e T,t[ e Nt, and let x,y e M be the goods that 
change position, such that x >j y and y >\x. Then for any strategyproof mechanism f we get 

- f(ti,t-i)i)(x) = {ffat-fr - f(t , l ,t^) l )(y), 
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and for all goods z x,y we have 

{f&,t- i ) i -f(ti,U)i)(z) = 0. 

We use the abbreviated notation f(t) for /(ij,i_j)j. Fix reports from other agents £_j e 
T ra_1 . The proof works in 3 steps: first, we show (1) for goods ranked above x in t (and hence 
t' as well). Second, we show (1). The third step is to show (1) for all goods ranked below y 
in t. Recall that rankt(j) of a good j at t is the number of goods that a type t agent weakly 
prefers to j, i.e., its first choice has rank 1, its second choice has rank 2, etc. 

Higher-ranking Goods Consider a good a x,y, for which a >t x and a >t> y- Suppose 
(f{t)) a (f(t'))a, i-e., this good receives different probability under the different reports. 
Assume that a is the highest ranking good for which this is the case. Without loss of 
generality 11 suppose 

(/(f) -/(t))(a)=:A(a)>0. 
Then let u e be a utility function in t with 

f 1 + e(rank t (a) - rank t (J)), if j >t a, 
u e {j) = < 1, if j = a 

[ e(m - rank t (j)), if a> t j. 

Since the probabilities for goods j with j >^ a do not change, we get 

(u e ,f(t')-f(t))> A(a)-m 2 e>0 

for sufficiently small e > 0. This means that an agent of type t with utility u e has an 
incentive to misreport its type as t' , a contradiction to strategyproofness. 

Inverse Changes for x and y By the first step, (1) holds for any good ranked above x and y. 
So we can assume without loss of generality that x and y are the goods most preferred 
under t and t' , respectively. Suppose (1) did not hold. Then without loss of generality 
we have 

(/(f) - f(t))(x) - (f(t) - f(t'))(y) := A(x) + A(y) > 0. 
Let u e be a utility function in t with 

f 1 + e, if j = x, 

Ue(j) = I !> if J = y 

[ e(m — rankt(j)), otherwise. 

Then 

<u e ,/(i')-/(i)> A(x)(l + e) + A(y)-m 2 e 
> A(x) + A(y) - m 2 e > 

for sufficiently small e > 0. This positive incentive to misreport again contradicts strat- 
egyproofness. 

11 Otherwise consider an agent of type t' . 
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Lower-ranking Goods Consider a good b x,y, for which y >t b and x > t i b. Suppose 
(/(*))& ^ (/(0)fc an< ^ that & i s the highest ranking good for which this is the case. 
Without loss of generality suppose 

(/(0 -/(*))(&) = A(6)>0. 

Let w e £ i be the utility function constructed in the first step but with b taking the place 
of a. For the incentives to misreport we get 

<W(0 -/(*)> > A(x)n e (x) + A(yK(y) + A(5)-m 2 e 
5s A(x)e + A(6) - m 2 e 
= A(6) - e(m 2 - A(x)) > 



for sufficiently small e > 0. Like in the previous steps, this is a contradiction. 



□ 



rj(t, r, B, m) = \ u e t : 3k £ {1, . . . , m] with u(ji) 



B.2. Proofs from Section 5.2: Computability of the Maximal Mixing Factor 

Proof of Proposition 2. Fix bounds (r, B) and a setting (N, M, q) . For type t e T suppose 
that 

>: ji> ■■■> j m 
is the corresponding preference order. Then let 

r m -\ [fl^m-k + 1. 
Br 1 " 1 , if I m — k 

Then for any mechanism h the following statements are equivalent. 

1. h is strategyproof in URB(r, B,m) in the setting (N, M, q). 

2. For any agent i, any ti^t! i e T, any t—i e T n_1 ; and any Ui e rj(ti,r, B,m) we have 

(ui, h(ti,t-i)i - h(t[, i-i),) 5= 0. 

For the sake of brevity, we drop the index % throughout the proof. The "only-if" part is clear, 
because n(t,r, B,m) a URB(r, B,m), and if h is partially strategyproof on URB(r, B,m), 
inequality (7) is satisfied. 

For the "if" part we use that if h is {u, -u'j-strategyproof for u, v! £ t, then h is {(1— a)u— au' : 
^ a < l}-strategyproof. This is (4) in Section 4.1. 

Now we show that convex(r/(t, r, B, m)) = t n URB(r, B,m): rj(t,r, B,m) a t is clear. 
Because of the definition of the u £ rj(t,r, B,m), any of them satisfies URB(r, B), hence 
rj(t, r, B,m) a t n URB(r, B, m). 

We need to show that any u £ £nURB(r, B, m) can be represented as a convex combination of 
elements in rj(t, r, B, m) . For m = 2, suppose x > y for agents of type t. Then u(x) £ [r«(y) , B] 
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and rj(t,r, B,m) = {(u + (x) = B,u + (y) = l),(u~(x) = r,u~(y) = 1)}. Choose a = "gl~ r , 
then (1 — a)u~ + au + = u. 

For more (m) goods, let m = m' + 1 and u = [v,\, . . . , u m i,u m ). By the induction hypothesis 
(using B' = y), we can construct u~ = u = (u±, . . . , u m i,ru m i) and u + = u = (u\, . . . , u m >, B): 
for u~ , the coefficient of (1, r, . . . ; r m ' _1 ) from the m'-dimensional construction becomes the 
coefficient of (1, r, ... , r m ~ l ) in the m-dimensional construction. For u + use this coefficient for 
(1, r, . . . , r m _1 , 5). Then u is a convex combination of it - and u + . □ 

Proof of Proposition 3. If f and g are computable, Algorithm 1 is correct and complete, i.e., 
the algorithm terminates on all valid inputs, and for a setting (N,M,q), mechanisms f,g with 
f SP, g «swap /; and bounds (r,B), Algorithm 1 finds a /3 max such that hp max is partially 
strategyproof on URB(r, B,m) in the setting (N,M,q). 

The algorithm can only reduces the value of j3 in every step of the loops. It considers every 
agent i e N and every possible report t_j e j 1 ™- 1 from the other agents. We drop the index i. 

The inner loops iterate through every combination of t types that an agent could have and ev- 
ery possible report if from that agent. It also considers every utility u e rj(t, r, B, m) in the pos- 
sible true types. By Proposition 2 the mechanism hp is partially strategyproof on URB(r, B, m) 
if (7) holds for hp for each of these combinations. Let A(u,f, t,t') = (u,f(t) — f(t')) and 
A(u, g, t, t') = (u, g{t') — g(t)) and note that A(u, ■, t, t') = —A(u, ■, t', t). There are two cases: 

Suppose A(u, /, t, t') > A(u, g, t', t) If A (it, /, t, t') = A(u, g, if, t), then (u, hp(t) - hp(t')) = 
for any fie [0,1]. If A{u, f ,t,t') > A(u, g, if, t), then condition (7) becomes 

(u,hp(t) - hp{t')) > 
o(l-P)A(u,f,t,t')+fiA(u,g,t,t') > 

^(3(A{u,f,t,t')-A(u,g,t',t)) > -A{u,f,t,t') 

-A(u,f,t,t') 
P " A(u,f,t,t')-A(u,g,t',ty { ' 

where the last equivalence follows because A(u, f, t,t') > A(u, g, t' , t). f is SP, so 
—A(u,f,t,t') < 0. But if the right side of (13) is non-positive, the condition holds 
for any /3 > 0. 

Suppose A(u, /, t, t') < A(u, g, t',t) Then by the same argument as in the previous case we 
get 

(u,hp{t)-hp(t')) > 
o/3(A(u,f,t,t')-A(u,g,t',t)) 5* -A{u,f,t,t') 

< ^iMO (14 ) 

P ^ A{u,g,t',t)-A{uJ,t,t'Y 1 ' 

where the direction of the last inequality changes because A (it, /, t, if) — A(u, g, t' , t) < 0. 
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Algorithm 3 always reduces f3 if constraint (14) is violated. So after all loops, (7) from 
Proposition 2 is satisfied for hp. 

On the other hand, any larger f3' > f3 would violate constraint (14) for some t, t' and 
u E r](t,r, B,m). Then hp/ violates contraint (7) for the same t,t',u e rj(t,r, B,m), so hp is 
not partially strategyproof on URB(r, B, m) by Proposition 2. This proves correctness. 

/ and g are computable by assumption. For a given setting (N, M, q), the sets T n_1 , T and 
r](T, r, B, to) = (J ter wi^i r i m ) are hnite. Hence, the nested loops run finitely many times. 
This shows completeness. □ 



C. Proofs from Section 6: Efficiency of Hybrid Mechanisms 

Proof of Proposition 4- For X,Y e X, X ex-post efficient, let Z = (1 — (3)X + /3Y with 
(3 e (0,1]. Then 

1. Y ex-post efficient => Z ex-post efficient, 

2. Y (strictly) ordinally dominates X => Z (strictly) ordinally dominates X, 

3. Y (strictly) rank dominates X => Z (strictly) rank dominates X. 

Show 4.(1) If X and Y are both ex-post efficient, each has a lottery representation over ex- 
post efficient deterministic allocation. Then the /3-convex combination of these lotteries 
is again a lottery over ex-post efficient deterministic allocations and implements (1 — 
P)X + pY. 

Show 4.(2) If Y >od X, then for alH e N we have Yi >i X i} i.e., for all j e M 

Y yi >i' Y ( 15 ) 

j'-j'^d j'-j'>d 

Then 

Y {(l-P)Y + 0X) itj , = 2 (l-OTj'+^ij' 
j'--j'>ij j'-j'>ij 

= (! - 0) Y Vi ^' + 13 Y Xi 'i' 
j'-j'>ij j'-j'>ij 

> (i-/ 3 ) Y x i,f + p Y Xi >j' = Y x m''( 16 ) 



or ((1 — fi)X + (3Y) >od X. If Y >od X, inequality (15) is strict for some agent i 
and some good j. Then the estimate (16) for i and j is also strict with j3 > 0. Hence, 
{{1-P)X + PY)>odX. 

Show 4.(3) Similarly, if Y >rd X, then for all Z € {1, ... , to} we have 

Y Y -v Y ■'■■■:>■ ( 17 ) 

ieN jeM:nmki(j)^l ieN jeM irank^ 
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Then 

2 2 {(l-f3)X + pY)ij = 2 2 (1-/3)^ + /%,,- 

ieN jeM:ranki(j)^l ieN jeM:rank;(j)^Z 

ieN jeM:vanki(j)^l 

+P £ S wy 

ieJV jGM:ranki(j)^Z 

or ((1 — + /3Y") >rd X. If Y >rd X, inequality (17) is strict for some rank I. Then 
the estimate (18) for this I is also strict with /3 > 0. Hence, ((1 — 0)X + (3Y) >rd X. 

□ 

C.l. Proofs from Section 6.2: Efficiency Comparison of Hybrid Mechanisms 

Proof of Proposition 8. For mechanisms f ', g , let hp = [\ — f$)f+(}g be a hybrid with [3 e (0,1]. 
Then 

1. g >iod f => h >wd f and g >i RD f => h >ird f, 

2- g >iod f => h >wd f and g >ird f => h >ird f ■ 

Show 1.: By contradiction: suppose that h >iod f does not hold. Then for some type profile 
t, the allocation / (t) strictly ordinally dominates the allocation h (t) , i.e., for all agents 
i and all goods j 

S f (*)«' > 2 h = 2 C 1 " M ( { W + to (t) M , , (19) 

j'>%i i'>%3 i'>%i 

and there exists an agent i and a good j such that 

E / > E * = E a - w + 0/ (%> (2°) 

j'^j j'^ji i'^ii 

(19) implies that 

2 </•(<),,• ' 2 ^(t) M ,, 

i.e., / (t) weakly ordinally dominates g(t), and (20) implies that this dominance is 
actually strict. But by assumption g >iod f, hence —< (3t : /(t) > g(t)), a contradiction. 

For rank dominance, the proof is analogous: suppose that h >ird f does not hold, then 
for every rank r we get 

E E /®«>E E 

ieM j':ranki(j')^r ieM j:rank,;(j)^r 
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and for some rank f 

ieM j:Tanki(j)^r ieM j:r&nki(j)^r 

Replacing h by the convex combination, we get that / (t) strictly rank dominates g (t) , 
a contradiction. 

Show 2.: Prom 1. we know that the h weakly imperfectly dominates /. If g strictly imperfectly 
dominates /, then there exists a type profile t at which g (t) strictly dominates / (t) . 
The strict versions of Proposition 4, 2. and 3. yield that h (t) strictly dominates / (t) 
as well. This implies strict imperfect dominance. 

□ 



D. Proofs from Section 7: Hierarchies of Efficiency and 
Manipulability 

D.l. Proofs from Section 7.2: Manipulability Hierarchy 

Proof of Proposition 10. Let f be strategyproof and g « SW ap f, <ind let g be manipulable for 
some setting (M, N, q). Then for ^ /3 < f3' < 1, hg> is intensely and strongly more manipu- 
lable than hp. 

Suppose, hp is manipulable, then there exist i_, £ T n ~ 1 ,t,t l e T, u e t such that 

(u,hf,(t)-hf)(if))<0, 

where we use abbreviate h(ti,t-i)i as h{t). Since / is strategyproof and g « SW ap /, we get 
g <£ / from Lemma 2. Therefore, 

<u,/(t)-/(f)>>0 

and 

(u,g(t)-g(t'))<0. 

With j3' > (3, this implies 

<«,fy(t)-fy(0> = (i-^X«>/(*)-/(0> + /9<«»ff(*)-5(0> 

> (1-/3') (u, f(t) - f(t')) + & (u, g(t) - g(t')) 
= (u,hj3>(t) - V(0) ■ 

This proves (23) with t* = t' . 

We use Lemma 3 to determine values B > r m-l^ r > 1 such that Algorithm 1 selects 
Anax = P- Then there exist types ti,t[ £ T, some t_j £ T n_1 , and a utility u e rj(ti,r, B,m) 
(using r and -B) for which the constraint 

<U,fy»(ti)-fy9(t0>>O 
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is tight, i.e., it is an equality. If (u, f(U) — /(^)) = 0, any (3 would have been allowed, hence 
(u, f(U) — /(i'J) > and (u, g{ti) — g{t'^j) < 0. Since the constraint is tight, any larger choice 
j3' would result in a mechanism hw that is manipulable by an agent of type ti with utility 
u. □ 

Lemma 2. If f is strategy proof, then g « SW ap / o 9 « f ■ 

Proof. Let / be strategyproof and g « SW ap /• Suppose, g « / does not hold, then there 
exist types t-i £ T n_1 , i, t' e T such that g{t) j= g(if), but f{t) = f(t'). Let Can(M') be 
the canonical transition from t to t' as defined in the proof of Theorem 1. From g{t) =fi g{t') 
we know that there exist types ti,ti+\ in Can(i,i') such that ti £ Nt l+1 and g(ti) g{ti + \). 
9 «swap / holds by assumption, thus f(t[) j= f(ti + %). Suppose that x >t t y and y >t l+1 x. From 
Lemma 1 we know that f{t') x > f{t) x . Due to the construction of the canonical transition: x 
will only change positions with goods ranked higher than x. Thus, the probability of getting 
x can only increase further or remain constant. We get f(t') x > f{ti+\)x > f{tl)x ^ f(t)x- 
This is a contradiction. 

The other direction of of the proof is trivial. □ 

Lemma 3. Given a setting, if f is SP, g not SP and g « SW ap f , then for any j3 e (0, 1) there 
exist B > r m -i )r ^ i SU ch that f3 = /3 max from Algorithm 1 applied to the setting (N,M,q), 
mechanisms f,g, and bounds (r,B). 

Proof. We show that /3 max : (1, °o) 2 — * [0, 1] is a continuous mapping. Because lim/ym-^ni) /3 max ( 
1 and lirn( r) .B)_,( 1)00 ) /3max(^ 5 B) = 0, the interim value theorem then yields that such r, B must 
exist. 

Let 5 > be small. Define r' = (1 + 5)r,B' = (1 + 5)B. For some u £ rj(t,r, B,m) let v! 
be the respective utility function in rj(t,r' , B' , m), i.e., the set constructed with the adjusted 
r' and B' . Then 

\(u', h{t) - h{t')) - (u, h(t) - h{t'))\ 

m 

< 2 |l - (1 ±6) j \uj < SC, 
for some positive constant C. That means, incentives are continuous in r and B, then so is 

Anax • I— I 

E. Proofs from Section 8: Hybrid Instantiations: Mixing RSD with 
PS and RV 

E.l. Proofs from Section 8.1: Mixing RSD and PS 

Proof of Theorem 2. For any setting (N, M, q), PS is weakly less varying on swaps than RSD, 
i.e., PS «swa P RSD. 
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Suppose, n agents compete for m = m a + 2 + goods with capacities given by q, and let 
M = {a%, . . . , a ma , x, y,bi,..., b mb }. Agent 1 is considering the two type reports 

ti : Oi >i . . . >i a ma >i x >i y >i 61 >i . . . >i b mb 

and 

t[ : ai >[ . . . >[ a ma >[ y >[ x >[ bi >[ . . . >[ b mb , 

where the positions of x and y are reversed in the second report. The reports of the other 
agents are fixed and given by >—\. 

Further suppose that with reports (>i, >-i), the goods where exhausted at times < t\ ^ 
T2 ^ . . . ^ r m = 1 under PS. Re-label the goods as ji, . . . , j m in increasing order of the times 
at which they were exhausted. If two goods were exhausted at the same time, relabel them in 
arbitrary order. Denote by r x and r y the times at which x and y were exhausted, respectively. 

The result follows from Lemmas 4, 5, and 6. □ 

Lemma 4. In the setting of Theorem 2, PS(>\, >-i) ¥= PS(>'i, >-i) if and only if 

1. there exists k ^ m a such that r% ^ . . . ^ < min(r :r , r y ) ^ 1 and 

2. for all I e {1, . . . , m a } there exists I' e {1, . . . , k} with ai = jy . 

Proof of Lemma 4- Show "=>" Choose k such that jk is the last of the ai, . . . , a ma to run 
out. Suppose, T y ^ Tfc. Agent 1 is busy consuming shares of other goods until time t^, 
regardless of the reported order of x and y. After agent 1 consumes shares of x until 
it is exhausted. Because y was already exhausted before r^, agent 1 gets no shares of y. 
Under report >[, it would finish consuming other goods at and find good y exhausted. 
Hence, it would begin consuming shares of x immediately, just as it did under report >i. 
Thus, the order in which x and y are reported does not matter for the times at which 
it consumes goods x and y. Because >± and >\ only differ in the order of x and y, the 
remaining goods are also consumed in the same order and at the same times. Hence, 
agent l's allocation does not change. 

The case for t x is analogous. 

Because PS is nonbossy (Kesten and Ekici (2012)), we know that if the switch from >i 
to >^ did not change the allocation for agent 1, it did not change the allocation at all. 

Show "<=" Suppose the last of the goods a±, . . . , a ma to be exhausted is jk, and < r y ^ t x . 
Then agent 1 gets no shares of y. If it switches its report to > / 1 , it will receive a non-trivial 
share of y, hence the allocation changes. 

Now suppose the opposite, namely r y > t x . Agent 1 begins consumption of x at time 
Tfc and then turns to y at time t x . Thus agent 1 receives t x — Tk shares of x and r y — t x 
shares of y. When it switches its report to >' 1 , it will consume shares of y between 
and T y . We need to show that r y — > r y — t x . If r y ^ r y , this is clear, because < t x 
by assumption. In the following we assume tL < r y . 
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Let n y (r) be the number of agents other than agent 1 consuming shares of y at time 
r. n y is integer-valued and increasing in r, and there must exist a 8 > such that 
n y( T y ~ 5 s 1- This means that agent 1 is not the only agent consuming shares of y 
before it is exhausted. Otherwise, agent 1 would exhaust y alone, which implies that 
agent 1 received no shares of contradiction. 

If agent 1 reports >[ instead, let n'y{r) be the corresponding number of agents consuming 
y at times r. We observe that x will be exhausted later, because agent 1 is no longer 
consuming shares of it. This means that agents who prefer x over y will arrive later at 
y. Agents arriving at y from other goods than x may also arrive later, because they face 
less competition from the agents stuck at x, etc. Therefore n' y < n y . 

Under report >i from agent 1, y is exhausted by r y , i.e., 

% = n y( T ) + 1 {r>T x }dT, (21) 
Jo 

and under report >[, y is exhausted by r', i.e., 




Equating (21) and (22) gives 




We know that jk is exhausted before r' y and hence %(r) + l{ rSsTfc } ^ 1 for r e [ r y) T 2/]> 
and > 2 for r e \r y — 5, r y ] . This yields 

Ty T y 1~x "He j 

or equivalently T y — t x < r' y — t\~. 

□ 

Lemma 5. In the setting of Theorem 2, RSD(>\, >-i) ^ RSD(>±, >-i) if and only if there 
exists a sequence (ci, . . . , C)~ c ) of k c agents such that if RSD chose these agents first and in 
this order, they remove all goods a±, . . . , a ma (and possibly more), but neither x, nor y. 
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Proof of Lemma 5. In the RSD mechanism, a permutations of agents is chose amongst all 
possible permutations with uniform probability. The probability for agent 1 to get some good 
j is 

„ r , \{tt permuation of N : 1 gets j under ir}\ 

P[l gets j] = — — , 

\{ir permuation of W}| 

where the denominator is re!, and each permutation under which agent 1 gets j contributes ^ 
to the total probability. 

For some permutation ir consider the turn of agent 1. There are 5 possible cases: 

1. Agent 1 faces a choice set including some a/'s. This makes no contribution to its chances 
of getting x or y. 

2. Agent 1 faces a choice set consisting only of b{s. Again, this makes no contribution to 
its chances of getting x or y. 

3. Agent 1 faces only 6;'s and x, but not y. This case contributes h to its chances of getting 
x. This contribution is independent of the order in which it ranked x and y in its report. 

4. Agent 1 faces only 6/'s and y, but not x. This case contributes h to its chances of getting 
y and the contribution is again independent of the ranking of x and y. 

5. Agent 1 faces x, y and some 6;'s, but no a/'s. This case contributes A to either the 
probabilities for x or y, depending on the ranking. 

Show "=>" If changing from >i to >' x influences the allocation, the allocation for agent 1 must 
have changed. This is because RSD is nonbossy. RSD also is SP, hence by Lemma 1 
the probabilities for goods x and y must have changed. In all but the last case, the 
chances do not depend on the order in which x and y are reported. Thus, at least one 
permutation leads to case (5). This means that the sequence of agents chosen prior to 
agent 1 removes all a/'s, but neither x nor y. 

Show "<=" Under report >±, agent 1 will receive x any time case (5) occurs, while under 
>'i it will receive y. If a sequence (ci, . . . , Ck c ) as defined in Lemma 5 exists, it is also 
the beginning of at least one permutation. When this permutation is selected, case 
(5) occurs. Switching from report >i to >i thus strictly increases agent l's chances of 
getting y. 

□ 

Lemma 6. In the setting of Theorem 2, (1) and (2) from Lemma 4 imply the existence of a 
sequence as described in Lemma 5. 

Proof of Lemma 6. We prove the claim by constructing a sequence of agents 

(ci, • • • , CfcJ = (cj, . . . ,cf-, . . . , c k , . . . , c| fe ) 
inductively. Under RSD this sequence will remove goods ji, . . . ,jk in this order. 
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Selection of c\, . . . , c q k By assumption jk was consumed strictly before x, hence r& < 1. Then 
at least qk + 1 agents receive non-trivial shares of jk- Otherwise, if only qk agents 
received shares of jk, they would get the entire capacity and take time 1 to consume it, 
a contradiction. Select qk of these agents other than agent 1 as c\ , . . . , c q k . 

Because all c k ,...,c q k actually received shares of jk under PS, they must all prefer 
jk to all other goods except for possibly ji, ■ ■ ■ , jk-i- In other words, suppose that 
ji , . . . , jk-i were removed under RSD in previous turns, the selected agents would remove 
jk completely if chosen next (in arbitrary order). 

Selection of cj , ... ,cf ,1 < k Suppose, cj +1 , . . . , c q k have been selected. Suppose further that 
mi agents (plus possibly agent 1) receive non-trivial shares of j\ under PS. There are 
two cases: 

Case 1: At least qi of the mi agents have not been selected as any of the cj +1 , . . . ,c q k k so 
far. Then these agents are chosen as cj, . . . , c qk . 

Case 2: Only ni < qi of the mi agents have not been selected so far. The rest of the mi 
agents have been selected at k' other goods. Let these goods be j p m, ■ ■ ■ ,j p (k') with 
p(l') e {I + 1, . . . , k} for all I' e {1, . . . , k'}. At each of the goods j p (i'), 1p(i>) agents 
are selected. Now there must be at least q\ — n\ + 1 additional agents (possibly 
including agent 1) consuming non-trivial shares of the goods j p (v), otherwise at 
most m + q p{1 ) + ... q p ( k >) + qi - n t agents fully consume goods ji,j P d),. . -,j p (k')- 
This will take them until time 1, a contradiction. 

There are two possible cases for these additional qi — ni agents (excluding agent 1). 

Case 2.1 All of them are available for selection. Then they are selected for the 
goods jp(i') of which they consume non-trivial shares, and the now free agents 
can be selected for ji. 

Case 2.1 Some of these agents are selected at some other goods j^k'+i) )•••■> Jp(k'+k") ■ 
Then we use the free agents as in case 2.1, say ny . Then we still need qi — ni — ny 
agents for ji. There must be at least qi +q p (i) + ■ ■ - + Q p (k") + 1 agents consuming 
non-trivial shares of the goods ji,j p (\), ■ ■ ■ ,j p (k»)- Qi — ni — ny are not selected 
for any of these goods. Again there are two cases. 

We repeat this argument inductively until enough agents are found who are still 
available and can replace agents such that the need at good ji can be satisfied. 
This must happen, otherwise all agents selected so far as cj +1 , . . . , c q k , some n l < 
qi agents and possibly agent 1 fully consume goods ji,ji+i, ■ ■ ■ ,jk goods, again a 
contradiction. 

The fact that all selected agents cj, . . . ,cf ,1 e {1, . . . ,k} receive a non-trivial share in the 
goods ji implies that they each prefer ji to all other goods, except possibly ji, ■ ■ ■ ,ji-i- Thus, 
the sequence (c}, . . . , c' fe ) has the properties needed for 5. D 

The following Lemma shows that any Random Serial Dictatorship (independent of the dis- 
tribution over orderings) is nonbossy. 
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Lemma 7. For any distribution over orderings, the respective RSD mechanism is nonbossy. 

Proof. Fix a distribution over orderings of the agents and let p n be the probability that ordering 
7r is chosen. Suppose that RSD is bossy, then there exists an agents i, %' , types U,^, and 
t-i £ such that = but f{ti,t-i) v /(t-, For tne sake of 

brevity, we write t and t' for ti and t[, respectively. 

Let Can(i, t') = (to = t, t±, . . . , tk-i, tk = t') be the canonical transition from t = ti to 
t' = t^. As in the proof of Theorem 1, the fact that the allocation is the same at the start and 
at the end of the transition implies that the allocation never changes during the transition, 
i.e., f(ti)i = f(ti + i)i for all I e {0, . . . , k — 1}. Recall that under strategyproof mechanisms, 
the effect of swaps in the canonical transition is never undone by subsequent swaps and that 
swaps only effect the probabilities for adjacent goods (see Lemma 1). 

But the allocation changed for agent i', hence it must have changed for agent %' at some 
swap in the transition, say from ty to ty + i e Nt,. Let be the goods that were swapped 
in this transition. Consider an ordering of the agents it with p^ > 0. There are two cases. 

• Agent i gets the same good under ty as under ty + ±. Then the swap had no effect on the 
allocation of any other agent, i.e., under ir the swap does not change the allocation of 
the other agents. 

• Agent i receives j' under ty, but j" under ty + i. Then the swap changes the allocation 
of the agent that received j" under ty. The magnitude of the change is — p^ < 0. This 
agent can be i! by assumption. 

However, the latter case is impossible, because this would also strictly increase agent i 7 s chances 
of receiving j" (by p v > 0), implying f(ty)i /(^'+i)i ; a contradiction. □ 

E.2. Proofs from Section 8.2: Impossibility Result for Mixing RSD and RV 

Proof of Proposition 11. If v is a rank valuation with non- decreasing increments, then for any 
number of goods m ^ 3 there exists a setting (iV, M, q) and preference profile >= (>i,>-i) 
such that agent 1 can beneficially manipulate RV , but RSD is invariant to this manipulation. 

Suppose, ra ^ 3 goods must be allocated and Vk — v^+i < Vk+i — Vk+2, i-e., v has non- 
decreasing increments. Then consider a setting with n = m agents and unit capacity for each 
good. Let > be the preference profile defined by 

>i : ai > . . . > a fc _i > b > c> d > e fe+3 . . . > e m , 
>i,i = 2,...,m : ai > . . . > a k -i > d > b > c> e fc+3 . . . > e m . 

Under RV and truthful reports, agent 1 will get good c with certainty. To see this suppose 
that agent 1 gets b instead. Then some other agent i received c. If agent 1 and agent i trade, 
the objective in (8) will decrease by v k — Vk+i, because agent l's suffers. However, agent i 
benefits from this trade, and social value also increases by v^+i — Ufc+i- By the non-decreasing 
assumption, this trade represents an improvement of the objective. Now suppose that agent 1 
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gets another good than b or c. Again some agent i gets good c. If agent 1 and agent i trade, 
this improves the objective, because the rank distribution improves (independently of v). 

We have argued that agent 1 will get good c in any deterministic rank efficient allocation. But 
since rank efficient allocations are always convex combinations of deterministic rank efficient 
allocations (see Claim 8 and Theorem 1 in Featherstone (2011)), agent 1 must get good c with 
certainty. 

Suppose now that agent 1 reports 



instead, i.e., it swaps goods c and d in its report. Then under any rank efficient allocation 
(rank efficient with respect to (> / 1 , >_i)), agent 1 will receive good b. This is because whenever 
agent 1 gets another good in some deterministic allocation, the objective improves if agent 1 
trades with the agent who received b (independent of v). By the same argument as above, no 
rank efficient allocation will give agent 1 any other good than b. Thus, swapping c and d in 
its report is a beneficial manipulation for agent 1. This is independent of its actual utility, as 
long as the utility is consistent with >\. 

Now consider the outcome of the RSD mechanism. If RSD(>\, >-i)i ¥= RSD[>'^ >-i)i, 
we know from Lemma 1 that the only probabilities that change for agent 1 are those for c and 
d. Consider an ordering n of the agents. 

• If 7r(l) ^ k — 1 (i.e., agent 1 is one of the first k — 1 agents in the ordering), it gets one 
of the goods a % ny 

• If 7r(l) e {k, k + 1}, it gets good b. 

• If 7r(l) = k + 2, it gets good c. This is independent of the order in which it reports its 
preferences over c and d, since d is already taken by some agent i with ir(i) = k. 

• If 7r(l) > k + 3, goods ai,d,b,c have been consumed by other agents (in this order), 
hence agent 1 gets a good e^m ■ 

We see that regardless of the order in which agent 1 reports its preference over c and d, it will 
never receive d. Hence, its probability for d does not change under the misreport >[. This is 
a contradiction to RSD(>i, >-i)i ¥= RSD(>' l7 >_i)i. □ 

F. Examples 

Example 5. Suppose a setting with 4 agents {1,2,3,4} and 4 goods {a,b,c,d} with unit ca- 
pacity. Agents ' preferences are 




oi > . . . > flfc-i > b > d > c> ek+3 . . . > e. 



711 



>1 



: a> d> ... 



>2 



: a > b > d > c 



>3 



: b > c> d > a 



>4 



: c > a > . . . . 
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The unique rank efficient allocation is given by = X2,a = x 3,b = x a,c = 1- Suppose now 
that agent 1 reports 

>[ : a >' b >' 0' d, 

then the unique rank efficient allocation changes to x\ A = X2 : d = x 3,b = x 4c = 1- This means 
that agent 1 can manipulate to receive its first rather than its second choice. Note that this 
manipulation is beneficial for agent 1, regardless of its cardinal utility and of the actual rank 
efficient mechanism. 

Remark 5. [Details for Examples 3 and 4] Consider the following ex-post efficient determin- 
istic allocations: 



and 



A 



1,3,4,2 



.4 



1,4,3,2 



A 



3,2,1,4 



^4,2,1,3 



/ 1 \ 

1 

10 

V 1 J 

( 1 \ 

1 







V 1 

/ 1 







1 
/ 



1 



10 

V 1 / 

/ 1 \ 

10 

1 

V 1 / 



A 



2,3,4,1 



A 



2,4,3,1 



A 



3,1,2,4 



A 



4.1,2,3 



/ 

1 


\0 1 

/ 

1 
1 

V 
/o 1 



1 

V 
/o 1 




Vi 



1 \ 



1 
0/ 

1\ 





1 0/ 

\ 

1 

1 ) 

\ 

1 
1 
0/ 



£1,2,3,4 



B 



2,1,4,3 



/ 1 \ 

10 

10 

V 1 / 

/ 1 \ 

10 

1 

V 1 / 



' £3,2,4,1 



D 



4,1,3,2 



/ 1 \ 

10 

10 

V 1 / 

/ 1 \ 

1 

10 

V 1 / 



In Example 3, Y\ is a combination of all A_ with equal weights. X\ is a combination of all 
B„. with equal weights. Y% is a combination of Y\ and X\ with equal weights. In Example 4, 
X2 is a combination where the Ai A% ... each have twice the weight of allocations A3 A4 .... 
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Example 6. Fix a setting (M,N,q) and bounds (r,B). Suppose, agent 1 is of type t and 
has utility u e t,u ^ quasi — URB(r, B). We now construct a strategyproof mechanism f and 
a manipulable mechanism g, such that /ig max is strategyproof. Then it is also u- strategyproof . 
Thus, in this case the condition quasi — URB does not bind. 

Consider mechanisms that react to the preferences of agent 1 and simply distributes the 
remaining shares of goods among the other agents. No other agent has any incentives, because 
their reports are not considered. Under f agent 1 receives probability \ + e for its highest 
ranking good, and \ — e for its second choice. This mechanism is obviously strategyproof and 
changes the allocation whenever agent 1 changes one of its two highest ranking goods. Let g 
be the mechanism that allocates \ — e and \ + e for the first and second choice, respectively. It 
is obviously manipulable and g « /. 

In this case, /3 max = \, regardless of the bounds (r,B), and hp max simply gives agent 1 
probability \ for its two highest ranking choices. This mechanism is strategyproof, hence it is 
u- strategyproof . 

G. Definitions 

In the following definitions, we use the reduced expressions h(t) to denote h(U, t-i)i and drop 
the index i. 

Definition 11 (Adapted from Definition 6. in Pathak and Sonmez (2013)). Mechanism h! is 
as intensely and strongly manipulable as mechanism h if for any type t and utility u e t, any 
misreport t! , any t—{ e T n , and any e > 0, 

(u, h{t') - h{t)) > => 3t* e T : (u, ti(t*) - h'{t)) > (u, h{t') - h{t)) - e. (23) 

Definition 12 (Adapted from Definition 7. in Pathak and Sonmez (2013)). Mechanism h is 
intensely and strongly more manipulable than mechanism h! if 

1. h' is as intensely and strongly manipulable as h, and 

2. there exists t e T,u e t, t-i e T n_1 such that 

• for all t' eT : (u, h(t) - hit')) ^ 0, and 

• there exists t* £ T : (u, h'(t) - h'(t')) < 0. 
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H. Algorithms 



ALGORITHM 2: Random Serial Dictatorship with Uniform Probability 
Input: type report (t\, . . . ,t n ), agents TV, goods M, capacities q 
Variables: X allocation, interim capacities q' 
begin 

for 7r e Permutations(N) do 
for i e N do 

j <— BestAvailableGood{t v (i),c{) 

end 
end 

end 



ALGORITHM 3: Probabilistic Serial with Uniform Eating Speeds 
Input: type report (t\, . . . ,t„), agents N, goods M, capacities q 
Variables: X allocation, interim capacities q', n, . . . , r m run-out times 
begin 

X <— (Xij = 0)i e N.jeM 
k — l,T — 

while t < 1 do 
for j e M do 

| rij <— number AgentsForWhomJ BestO f AvailableGoods(j , t\, . . . , t n , q') 
end 

Ar k «- min ^min jeM (^~) ' 1 _ r ) 
r <- r + Ar fe 
for « e N do 

j <— BestAvailableGood(ti,q > ) 

gJ«-g$-AT 
end 

end 
end 
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